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1. Introduction
The transport of energy in a thin film of fluid that is compressed between two approaching surfacesis a recurring configuration in lubrication, polymer processing, hydraulic machinery and biomedical de-vices. The classical study of such squeezing motion goes back to the work of Stefan [1] and the exactunsteady solutions catalogued by Wang [2]. When the working fluid carries a dilute suspension ofmetallic or ceramic nanoparticles, its effective thermal conductivity is raised well beyond that of thecarrier liquid, a possibility first articulated by Choi & Eastman [3] and since developed into a large bodyof modelling work. Two complementary descriptions of nanofluids dominate the literature, namelythe single phase dispersion model of Tiwari & Das [4] in which the suspension is treated as a homo-geneous medium with modified properties, and the two phase model of Buongiorno [5] in which theslip mechanisms of Brownian diffusion and thermophoresis are resolved explicitly. The boundary layerform of the latter model was reduced to a tractable similarity system by Khan & Pop Khan and Pop [6],whose treatment underlies much of the subsequent analysis of nanoparticle volume fraction trans-port, including the nonlinear stretching sheet computations of Rana & Bhargava Rana and Bhargava[7]. Hybrid nanofluids, which disperse two distinct species of nanoparticle in a single base liquid, ex-tend this idea by combining the favourable attributes of both fillers; the synthesis and modelling ofsuch suspensions was advanced in [8, 9], while the effective property correlations needed to closethe governing equations descend from the conduction analysis [10], the shape dependent conduc-tivity model [11], and the suspension viscosity [12]. The present study adopts magnetite (Fe3O4) andmolybdenum disulphide (MoS2) as the two solid phases in an ethylene glycol and water base, a pairingthat couples a strongly magnetic ferrite with a high conductivity layered material.The squeezing of a nanofluid film in the presence of a magnetic field has attracted sustained atten-tion because the Lorentz force offers a contactless means of regulating the flow rate and the wall heatflux. Representative contributions include the analytical and numerical treatments [13–15], the slipflow solutions [16], and the two phase radiative analysis [17]. When the channel is filled with a porousmatrix the resistance to motion acquires a linear Darcy contribution together with a quadratic inertialcorrection first identified by Forchheimer [18], a balance that is described in detail in [19]. Radiativetransport in optically thick media is customarily linearised through the Rosseland approximation [20],and additional volumetric heating or cooling is represented by a temperature dependent source term.Further studies that inform the modelling choices made here include the porous enclosure computa-tions [21], the Hall current analysis [22] and the generalised slip treatment [23].The resulting boundary value problems are stiff and strongly coupled. They are most often solvedby shooting or by the residual controlled collocation solver bvp4c [24], whose theoretical basis isdescribed in [25]. In recent years a complementary solution paradigm has emerged in which the un-known fields are represented by an artificial neural network and the governing equations are enforceddirectly on the network output. The universal approximation property that justifies this representationwas established in [26, 27], and the use of networks as differential equation solvers was pioneered in[28]. The modern physics-informed neural network [29, 30], embeds the residual in a loss functionalthat is minimised by gradient descent with automatic differentiation [31–33]. The approximation the-ory of these solvers has matured in parallel, and rigorous bounds on the generalisation and trainingerror are now available through the analyses in [34–36], which relate the attainable accuracy to theresidual that the network is able to drive to zero.For the small shallow networks that arise in similarity reduced problems, a derivative free globalsearch is often more reliable than gradient descent, and the present work therefore couples particleswarm optimisation [37–39] with the neural network algorithm [40], a population based method in-spired by the propagation of signals in biological nervous systems. The hybrid search is polished by a
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trust region step in the spirit of the classical least squares method of Levenberg [41] and Marquardt[42], which is also used on its own to train a supervised surrogate that yields the familiar regressionand error histogram diagnostics. The accuracy of the stochastic training is summarised through themean squared error and through the inequality coefficient of Theil [43].Alongside the numerical treatment, the well posedness of the reduced model deserves a rigorousfooting, because a neural solver returns a number whether or not the underlying problem possessesa unique solution near the computed state. The classical instruments for this purpose are the con-traction principle of Banach [44] and the compactness based fixed point theorem of Schauder [45],both presented in the modern monographs [46, 47] together with the Green function representationof boundary value problems treated in [48]. These tools allow the similarity system to be written as afixed point equation whose solvability, uniqueness and conditioning can be quantified, and they con-nect the residual that the network minimises to a certified bound on the distance to the exact solution.The methodology of the present paper extends the heuristic physics-informed framework recentlyproposed in [49] for squeezing flow, to which several further physical mechanisms are added here,namely Darcy and Forchheimer porous resistance, Brownian and thermophoretic transport, nonlin-ear radiation and volumetric heat generation, together with a Green function existence, uniquenessand stability analysis, an extensive statistical study and a symbolic verification of the computed so-lution. The overall structure of the study, from the governing balances through the analysis to thelearned and reference solutions, is summarised in Figure 1.

Governing PDEs(momentum,energy,concentration)
Similarity reduction(coupledODE system)

Residual-controlledcollocationreference

Heuristic PINN(hybrid PSO–NNA)

Parametric fields,statistics andcomparison

Green-functionfixed-point form

Existence,uniquenessand stability

A posteriorierror certificate

Symbolic verificationof the reduction

Supervised LMsurrogate di-agnostics

solve

reference data

reformulate verify

error bound diagnostics

Model Analysis Reference Learning Output
Fig. 1. Overall flow of the study, linking the governing model, the Green function existence,uniqueness and stability analysis, the residual controlled reference, the heuristic physics-informednetwork and the supervised surrogate to the final parametric and statistical results
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2. Mathematical Formulation
Consider the unsteady, laminar and incompressible flow of an electrically conducting hybrid nanofluidconfined between two horizontal parallel plates separated by the time dependent gap 2h(t), where

h(t) = H
√
1− αt and αt < 1. The lower plate is fixed while the upper plate approaches it, so thatthe film is squeezed; the geometry and the principal physical mechanisms are sketched in Figure 2. Auniform magnetic field of strength B0/

√
1− αt acts transverse to the plates, the channel is saturatedby a homogeneous porous matrix of permeability k1 with Forchheimer inertial coefficient Cb, and thesuspension carries Fe3O4 and MoS2 nanoparticles in an ethylene glycol and water base.

Fig. 2. Geometry of the problem: the hybrid nanofluid is squeezed through a Darcy–Forchheimerporous channel between two parallel plates under a transverse magnetic field, with Brownian andthermophoretic transport of the dispersed Fe3O4 and MoS2 nanoparticles
With u and v the velocity components along the x and y axes, conservation of mass requires:

∂u

∂x
+

∂v

∂y
= 0 (1)

The streamwise momentum balance, including the Lorentz force, the Darcy drag and the quadraticForchheimer resistance, reads:
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= − 1

ρhnf

∂p

∂x
+

µhnf

ρhnf

∂2u

∂y2
− σhnfB

2
0

ρhnf (1− αt)
u− µhnf

ρhnfk1
u− Cb√

k1
u2 (2)

Energy transport with Rosseland radiation, the Buongiorno slip fluxes and a temperature depen-dent heat source or sink obeys:
∂T

∂t
+u

∂T

∂x
+v

∂T

∂y
=

khnf
(ρcp)hnf

∂2T

∂y2
− 1
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∂qr
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+τ
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(3)
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where the radiative flux is linearised as qr = −(16σ∗T 3

∞/3k∗) ∂T/∂y, and τ = (ρcp)p/(ρcp)f is the ra-tio of the effective heat capacity of the nanoparticle material to that of the base fluid. The nanoparticlevolume fraction is governed by:
∂C

∂t
+ u

∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
+

DT

Tm

∂2T

∂y2
(4)

The boundary conditions express symmetry at the channel centre and the moving impermeableupper wall:
∂u

∂y
= 0, v = 0,

∂T

∂y
= 0,

∂C

∂y
= 0 at y = 0,

u = 0, v =
dh

dt
, T = Th, C = Ch at y = h(t)

(5)

To reduce the system we introduce the similarity variable and the dimensionless fields:
η =

y

H
√
1− αt

, u =
αx

2(1− αt)
f ′(η), v = − αH

2
√
1− αt

f(η), θ =
T

Th

, ϕ =
C

Ch

(6)
For brevity write β = 1− αt. The similarity variable η = y/(H

√
β) obeys:

∂η

∂y
=

1

H
√
β
,

∂η

∂t
=

α η

2β
(7)

and differentiating the velocity components of Eq. (6) gives:
∂u

∂x
=

α

2β
f ′,

∂u

∂y
=

αx

2βH
√
β
f ′′,

∂v

∂y
= − α

2β
f ′ (8)

whence ∂u/∂x + ∂v/∂y = 0, so that continuity (1) is met for every choice of f . Carrying the samerule through the convective derivative of the streamwise velocity, and using ∂u/∂t = (α2x/2β2)[f ′+
1
2
ηf ′′], u ∂u/∂x = (α2x/4β2)(f ′)2 and v ∂u/∂y = −(α2x/4β2)ff ′′, collects the inertia into:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=

α2x

4β2

[︂
2f ′ + ηf ′′ + (f ′)2 − ff ′′

]︂ (9)
while the viscous, Lorentz, Darcy and Forchheimer terms of Eq. (2) take the forms:

µhnf

ρhnf

∂2u

∂y2
=

νhnf αx

2H2β2
f ′′′,

σhnfB
2
0

ρhnfβ
u =

σhnfB
2
0

ρhnf

αx

2β2
f ′,

µhnf

ρhnfk1
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νhnf
k1

αx

2β
f ′,
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k1
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Cb√
k1

α2x2

4β2
(f ′)2

(10)

Dividing the streamwise balance (2) by the viscous scale νhnfαx/(2H
2β2) and reading off the fourcoefficient ratios:

αH2

2νhnf
= SA1,

σhnfB
2
0H

2

µhnf

= Ha2A2,
H2β

k1
= Kp,

Cbx√
k1 β

= Fr (11)
recasts it as:

f ′′′ − SA1

[︁
2f ′ + ηf ′′ + (f ′)2 − ff ′′]︁− (Ha2A2 +Kp)f

′ − Fr (f ′)2 =
2H2β2

ρhnfνhnfαx

∂p

∂x
(12)
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The pressure is eliminated by differentiating Eq. (12) once with respect to η, which is the simi-larity image of the transverse cross differentiation ∂y of the momentum equation and removes thestreamwise gradient ∂p/∂x. With ∂η

[︁
2f ′ + ηf ′′ + (f ′)2 − ff ′′]︁ = 3f ′′ + ηf ′′′ + f ′f ′′ − ff ′′′ and

∂η(f
′)2 = 2f ′f ′′, and the factor of two of the Forchheimer term absorbed into Fr, this yields thefourth order momentum equation of (16).The thermal and solutal balances reduce by the same substitution. WritingT = Thθ andC = Chϕ,both fields depend on x only through η, so the streamwise convection vanishes an:

∂T

∂t
+ v

∂T

∂y
= −αTh

2β
(f − η)θ′,

∂C

∂t
+ v

∂C

∂y
= −αCh

2β
(f − η)ϕ′ (13)

The linearised radiative flux qr = −(16σ∗T 3
∞/3k∗) ∂T/∂y enters the energy equation as:

− 1

(ρcp)hnf

∂qr
∂y

=
16σ∗T 3

∞
3k∗(ρcp)hnf

∂2T

∂y2
(14)

which merges with Fourier conduction to place the factor 1+Rd on θ′′. Dividing the energy balance(3) by khnfTh/[(ρcp)hnfH
2β] and the concentration balance (4) by DBCh/(H

2β), and identifying:
αH2

2

(ρcp)hnf
khnf

= PrSA3,
αH2

2DB

= Sc S,
DTTh

TmDBCh

=
Nt

Nb

(15)
reproduces the reported thermal and solutal equations. The wall data transform through dh/dt =

−αH/(2
√
β) and η(h) = 1: the kinematic condition v = dh/dt gives f(1) = 1, the no slip condition

u = 0 gives f ′(1) = 0, and the centreline symmetry gives f(0) = 0, f ′′(0) = 0, θ′(0) = 0, ϕ′(0) = 0,while T = Th and C = Ch at the wall give θ(1) = 1 and ϕ(1) = 1. Collecting these steps, thegoverning balances pass to the coupled ordinary differential equations:
f ′′′′ − S A1(ηf

′′′ + 3f ′′ + f ′f ′′ − ff ′′′)− Ha2A2 f
′′ −Kp f

′′ − Fr f ′f ′′ = 0, (16)
(1 +Rd) θ

′′ + PrS A3(fθ
′ − ηθ′) +Nb θ

′ϕ′ +Nt θ
′2 +Hs θ = 0, (17)

ϕ′′ + Sc S(fϕ
′ − ηϕ′) +

Nt

Nb

θ′′ = 0

subject to:
f(0) = 0, f ′′(0) = 0, θ′(0) = 0, ϕ′(0) = 0,

f(1) = 1, f ′(1) = 0, θ(1) = 1, ϕ(1) = 1
(18)

The property ratios that weight the host contributions are
A1 =

ρhnf
ρf

µf

µhnf

, A2 =
σhnf

σf

µf

µhnf

, A3 =
(ρcp)hnf
(ρcp)f

kf
khnf

. (19)
The dimensionless groups appearing in Eq. (16) are the squeeze number S, the Hartmann number
Ha, the porosity parameter Kp, the Forchheimer number Fr, the Prandtl number Pr, the radiationparameter Rd, the Brownian and thermophoresis parameters Nb and Nt, the Schmidt number Sc andthe heat source or sink parameter Hs, defined by:

S =
αH2ρf
2µf
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σfB
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∞
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2

kf (20)
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The quantities of engineering interest are the skin friction coefficient, the Nusselt number and theSherwood number, which in similarity form are proportional to:

Cf ∝
µhnf

µf

f ′′(1), Nu ∝ −khnf
kf

(1 +Rd) θ
′(1), Sh ∝ −ϕ′(1) (21)

The Forchheimer contribution in Eq. (2) carries an explicit factor of x through Fr, so that strict selfsimilarity is recovered only in the local sense in whichFr is evaluated at a representative station; this isthe standard treatment of quadratic drag in similarity analysis. The viscous and Joule dissipation termsare omitted because their similarity image is incompatible with the x2 scaling of the kinetic energy, inkeeping with the original squeezing formulation. The Darcy term reduces to−Kpf
′′ with no propertyprefactor because the viscosity ratio in the porous drag cancels against that in the diffusion term.

3. Hybrid Nanofluid Thermophysical Properties
The effective properties of the two species suspension are built from the base fluid values and thetwo nanoparticle volume fractions ϕ1 and ϕ2, denoting the Fe3O4 and MoS2 loadings respectively. Theeffective density and heat capacity follow the mixture rules:

ρhnf = ρf (1− ϕ2)

[︃
(1− ϕ1) + ϕ1

ρs1
ρf

]︃
+ ϕ2ρs2, (22)

(ρcp)hnf = (ρcp)f (1− ϕ2)

[︃
(1− ϕ1) + ϕ1

(ρcp)s1
(ρcp)f

]︃
+ ϕ2(ρcp)s2

The dynamic viscosity is described by the Brinkman relation applied to the combined loading:
µhnf = µf

[︁
(1− ϕ1)(1− ϕ2)

]︁−2.5 (23)
The thermal conductivity is obtained by a two step application of the Hamilton–Crosser model withsphericity index n, first dispersing Fe3O4 in the base fluid and then dispersing MoS2 in the resultingmixture:

knf
kf

=
ks1 + (n− 1)kf − (n− 1)ϕ1(kf − ks1)

ks1 + (n− 1)kf + ϕ1(kf − ks1)
,

khnf
knf

=
ks2 + (n− 1)knf − (n− 1)ϕ2(knf − ks2)

ks2 + (n− 1)knf + ϕ2(knf − ks2)(24)The electrical conductivity is treated by the analogous two step Maxwell relation:
σnf

σf

= 1 +
3
(︂

σs1

σf
− 1

)︂
ϕ1(︂

σs1

σf
+ 2

)︂
−

(︂
σs1

σf
− 1

)︂
ϕ1

,
σhnf

σnf

= 1 +
3
(︂

σs2

σnf
− 1

)︂
ϕ2(︂

σs2

σnf
+ 2

)︂
−
(︂

σs2

σnf
− 1

)︂
ϕ2

(25)

The base fluid and nanoparticle data used throughout are collected in Table 1. With the equalloading ϕ1 = ϕ2 = 0.1 adopted in the computations, the mixture rule (22) gives:
ρhnf = 1063.8(0.9)

[︃
0.9 + 0.1

5180

1063.8

]︃
+ 0.1(5060) = 1833.88 kgm−3 (26)

and the Brinkman relation (23) gives: µhnf = 0.0034 [0.9× 0.9]−2.5 = 0.005758 Pa s, so that
A1 =

ρhnf
ρf

µf

µhnf

=
1833.88

1063.8
× 0.0034

0.005758
= 1.017942 (27)
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The two step conductivity (24) and the two step Maxwell relation (25), evaluated in the samemanner, return khnf = 0.666767 and σhnf = 0.088889, and the heat capacity rule (22) returns thehybrid value listed in Table 1. The remaining ratios then follow as A2 = 1.049755 and A3 = 0.547292,and these are the values used in every subsequent computation.

Table 1Thermophysical properties of the base fluid and the twonanoparticle species, with the resulting hybrid nanofluid coefficientsat ϕ1 = ϕ2 = 0.1

Property Base fluid Fe3O4 MoS2 Hybrid(EG–water) (s1) (s2) (ϕ1 = ϕ2 = 0.1)
ρ (kgm−3) 1063.8 5180 5060 1833.878
cp (J kg−1K−1) 3630 670 397.21 1985.54
k (Wm−1K−1) 0.387 9.7 904.4 0.666767
σ (Sm−1) 0.05 25000 20900 0.088889
µ (Pa s) 0.0034 – – 0.005758
A1 = 1.017942, A2 = 1.049755, A3 = 0.547292

4. Preliminaries
This section records the analytical notions used in the existence, uniqueness and stability study ofSection 5. Throughout, [0, 1] is the rescaled channel half width and Ck[0, 1] denotes the space of ktimes continuously differentiable real functions on [0, 1].

Definition 1. For a nonnegative integer k, the space Ck[0, 1] equipped with the norm:
∥u∥Ck =

k∑︂
j=0

max
η∈[0,1]

⃓⃓
u(j)(η)

⃓⃓ (28)
is a real Banach space, that is, a normed vector space in which every Cauchy sequence converges. Theproduct spaceX = C3[0, 1]×C2[0, 1]×C2[0, 1]with the norm ∥(f, θ, ϕ)∥X = ∥f∥C3+∥θ∥C2+∥ϕ∥C2is likewise a Banach space. This construction, and the convergence of Cauchy sequences in it, arestandard [46].
Definition 2. Let (E, ∥·∥) be a Banach space and D ⊆ E. A map T : D → D is a contraction if thereis a constant 0 ≤ Λ < 1 with ∥Tu − Tv∥ ≤ Λ∥u − v∥ for all u, v ∈ D. The smallest such Λ is theLipschitz constant of T on D [44].
Theorem 1. Let D be a nonempty closed subset of a Banach space E and let T : D → D be a con-
traction with constant Λ. Then T has a unique fixed point u⋆ ∈ D, the Picard iterates un+1 = Tun

converge to u⋆ for every u0 ∈ D, and the error obeys ∥un − u⋆∥ ≤ Λn(1−Λ)−1∥u1 − u0∥. This is the
Banach contraction principle [44].

Definition 3. Let E and F be Banach spaces and D ⊆ E. An operator T : D → F is compact if it iscontinuous and maps every bounded subset of D into a relatively compact subset of F [46].
Theorem 2. A subset of C[0, 1] is relatively compact if and only if it is uniformly bounded and equicon-
tinuous. In particular, a set of functions whose values and first derivatives are uniformly bounded on
[0, 1] is relatively compact in C[0, 1]. This is the Arzelà–Ascoli theorem [46].
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Theorem 3. Let D be a nonempty closed bounded convex subset of a Banach space E and let T : D →
D be compact. Then T has at least one fixed point in D. This is the Schauder fixed point theorem [45].

Definition 4. For a linear boundary value problem Lu = ρ on [0, 1] with homogeneous boundary
conditions, the Green function G(η, s) is the kernel for which u(η) =

∫︁ 1

0
G(η, s)ρ(s) ds solves the

problem for every continuous datum ρ. The associated integral operator Gρ(η) = ∫︁ 1

0
G(η, s)ρ(s) dsinverts L and raises the regularity of ρ by the order of L [48].

Definition 5. A function H : [0, 1] × Rm → R induces the superposition, or Nemytskii, operator
u ↦→ H(η, u(η), . . . ). If H is continuously differentiable, then on every bounded set it is Lipschitzcontinuous in its function arguments, with a constant bounded by the supremum of the sum of themoduli of its partial derivatives over that set [46].
Theorem 4. Let ς be a continuous sigmoidal activation. Then finite linear combinations of the shifted
activations ς(wjη + bj) are dense in C[0, 1], so any continuous target can be approximated uniformly
to arbitrary accuracy by a shallow network with sufficiently many units. This is the universal approxi-
mation theorem [26].

5. Existence, Uniqueness and Stability of the Reduced System

We now place the similarity system (16), (18) on a rigorous footing by recasting it as a fixed pointproblem in the Banach space X of Definition 1 and analysing the resulting operator. The boundarydata are first absorbed by a smooth lift. Set:
fp(η) =

1
2

(︁
3η − η3

)︁
, θp(η) = 1, ϕp(η) = 1 (29)

so that fp(0) = 0, f ′′
p (0) = 0, fp(1) = 1, f ′

p(1) = 0, θ′p(0) = 0, θp(1) = 1, ϕ′
p(0) = 0 and ϕp(1) = 1,matching every condition in (18). A direct computation gives ∥fp∥C3 = 8.5. Writing f = fp + F ,

θ = θp + Θ and ϕ = ϕp + Φ, the increments satisfy homogeneous boundary conditions, namely
F (0) = F ′′(0) = F (1) = F ′(1) = 0, Θ′(0) = Θ(1) = 0 and Φ′(0) = Φ(1) = 0.
Lemma 1. LetK(η, s)be the Green function of the operatorF ↦→ F ′′′′ on [0, 1]under the homogeneous
conditions F (0) = F ′′(0) = F (1) = F ′(1) = 0, given by:

K(η, s) =
1

12

{︄
η
[︁
η2(−s3 + 3s− 2) + 3s(s2 − 2s+ 1)

]︁
, η ≤ s

s
[︁
η3(3− s2)− 6η2 + 3η(s2 + 1)− 2s2

]︁
, η > s

(30)
and let g(η, s) = 1 −max(η, s) be the Green function of w ↦→ −w′′ under w′(0) = w(1) = 0. Then,
the boundary value problem (16), (18) is equivalent to the fixed point system:

F = Tf (F,Θ,Φ) :=

∫︂ 1

0

K(η, s)Gf
[︁
fp + F

]︁
(s) ds

Θ = Tθ(F,Θ,Φ) :=

∫︂ 1

0

g(η, s)Gθ
[︁
fp + F, θp +Θ, ϕp + Φ

]︁
(s) ds

Φ = Tϕ(F,Θ,Φ) :=

∫︂ 1

0

g(η, s)Gϕ
[︁
fp + F, θp +Θ, ϕp + Φ

]︁
(s) ds

(31)

where Gf [f ] = SA1(ηf
′′′ + 3f ′′ + f ′f ′′ − ff ′′′) + Ha2A2f

′′ + Kpf
′′ + Fr f ′f ′′ is the right hand

side of the momentum equation, Gθ = (1 + Rd)
−1[PrSA3(f − η)θ′ + Nbθ

′ϕ′ + Ntθ
′2 + Hsθ], and

Gϕ = ScS(f − η)ϕ′ − (Nt/Nb)Gθ after using the energy equation to remove θ′′.

9
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Proof. The Green function of F ↦→ F ′′′′ under the stated homogeneous conditions is built from apiecewise cubic ansatz. On η < s the conditionsK(0, s) = 0 and ∂2

ηK(0, s) = 0 leaveK = c1η+c3η
3,and on η > s the conditions K(1, s) = 0 and ∂ηK(1, s) = 0 leave K = d0 + d1η + d2η

2 + d3η
3.

Continuity of K, of ∂ηK and of ∂2
ηK across η = s, together with the unit jump [︁

∂3
ηK

]︁η=s+

η=s−
= 1 that

represents the point source ∂4
ηK = δ(η − s), furnishes six linear equations for the six coefficients,

whose solution is exactly the kernel of Lemma 1. Consequently F (η) =
∫︁ 1

0
K(η, s)Gf (s) ds is the

unique function with F ′′′′ = Gf and the four homogeneous conditions, and ∂4
η

∫︁ 1

0
K(η, s)ρ(s) ds =

ρ(η) for every continuous ρ. The identity ∂4
η

∫︁
Kρds = ρwas checked symbolically for ρ ≡ 1, returningthe particular solution η4/24 − η3/16 + η/48 together with the four boundary values, all equal tozero. The same construction with one integration of −w′′ = ρ under w′(0) = w(1) = 0 yields

g(η, s) = 1−max(η, s). Substituting f = fp+F and the analogous splits for θ and ϕ, and eliminating
θ′′ from the concentration equation through the energy equation, gives precisely the nonlinearities
Gf , Gθ and Gϕ and hence the system (31). The two passages are reversible, so a triple (f, θ, ϕ) solves(16), (18) if and only if (F,Θ,Φ) solves (31).

The kernel K is displayed in Figure 3. It is smooth away from the diagonal, vanishes on the wholeboundary and attains a modest maximum, which is the geometric reason for the small operator normsestablished next.

Fig. 3. The fourth order Green function K(η, s) of the momentum operator under the homogeneousconditions F (0) = F ′′(0) = F (1) = F ′(1) = 0, which inverts the biharmonic part of (16) andunderlies the fixed point map (31)
Lemma 2. Define the integral operator norms:

Mk = max
η∈[0,1]

∫︂ 1

0

⃓⃓
∂k
ηK(η, s)

⃓⃓
ds, Nk = max

η∈[0,1]

∫︂ 1

0

⃓⃓
∂k
ηg(η, s)

⃓⃓
ds (32)

Then, M0 = 5.416 × 10−3, M1 = 2.083 × 10−2, M2 = 1.250 × 10−1, M3 = 6.250 × 10−1 with

10



International Scientific SpectrumVolume 00, Issue 00 (2026) 1-41∑︁3
k=0Mk = 0.77625, and N0 = 0.5, N1 = 1.0. Consequently, for any continuous data ρ1, ρ2:

⃦⃦⃦ ∫︂ 1

0

K(·, s)
(︁
ρ1 − ρ2

)︁
(s) ds

⃦⃦⃦
C3
≤

(︂ 3∑︂
k=0

Mk

)︂
∥ρ1 − ρ2∥∞,

⃦⃦⃦ ∫︂ 1

0

g(·, s)
(︁
ρ1 − ρ2

)︁
(s) ds

⃦⃦⃦
C2
≤

(︁
N0 +N1

)︁
∥ρ1 − ρ2∥∞

(33)

Proof. Each derivative ∂k
ηK is a piecewise polynomial obtained by differentiating the two branches in

Lemma 1; the inner integral ∫︁ 1

0
|∂k

ηK(η, s)| ds is therefore a continuous function of η whose maximumover [0, 1] is the stated constant Mk. Carrying out the integration in closed form gives the rationalvalues M0 = 13
2400

, M1 = 1
48

, M2 = 1
8

, M3 = 5
8

, and ∑︁3
k=0Mk = 1863

2400
= 0.77625 in agreement withthe quoted decimals; the maximum is attained in the interior for k = 0 and at the endpoint η = 1for k ≥ 1, where ∂3

ηK is piecewise constant so that M3 is the largest of the four. Because the secondGreen function g is piecewise linear, ∂ηg is piecewise constant and the two constants N0, N1 followat once. The norm bounds are the elementary estimates ∥∂k
η

∫︁
K(·, s)ρ ds∥∞ ≤ Mk∥ρ∥∞ summedover k ≤ 3 for the first inequality and over k ≤ 2 for the second, using that the second derivative of∫︁

gρ ds equals−ρ so that its contribution to the C2 norm is bounded by ∥ρ∥∞.
We now combine the kernel bounds with the Lipschitz behaviour of the nonlinearities. On theclosed ball BR = {(F,Θ,Φ) ∈ X : ∥(F,Θ,Φ)∥X ≤ R} the arguments f, θ, ϕ remain bounded in

C3 and C2, so by Definition 5 each nonlinearity is Lipschitz with a constant controlled by its partialderivatives. Collecting these constants through Lemma 2 yields a single contraction modulus Λ for themap T = (Tf , Tθ, Tϕ).
Theorem 5. There is a continuous, increasing function Λ of the ten dimensionless parameters of Eq.(20) and of the ball radius R, with Λ→ 0 as the parameters tend to zero, such that whenever:

Λ < 1 and
(︂ 3∑︂

k=0

Mk

)︂
sup
BR

∥Gf∥∞ +
(︁
N0 +N1

)︁
sup
BR

(︁
∥Gθ∥∞ + ∥Gϕ∥∞

)︁
≤ R (34)

the operator T maps BR into itself and is a contraction there. In that case the system (31), and hence
the boundary value problem (16), (18), has a unique solution in BR, which is the limit of the Picard
iterates of T from any starting point in BR. For the momentum component alone the modulus is
Λf = (

∑︁
k Mk)Lf with Lf = SA1 ∥f ′′′∥∞ + (SA1 + Fr)∥f ′′∥∞ + [3SA1 + Ha2A2 +Kp + (SA1 +

Fr)∥f ′∥∞] + SA1(1 + ∥f∥∞).

Proof. The second inequality in (34) is the self mapping condition: by Lemma 2, ∥T (F,Θ,Φ)∥X isbounded by the left hand side, so it does not exceedR andT (BR) ⊆ BR. For the contraction property,take two points of BR and subtract. By Definition 5 the momentum nonlinearity satisfies ∥Gf [f1] −
Gf [f2]∥∞ ≤ Lf∥f1 − f2∥C3 with Lf the sum of the suprema of the moduli of ∂Gf/∂f (k) over theball, which are exactly the four terms quoted; applying the first bound of Lemma 2 gives ∥Tf (F1, ·)−
Tf (F2, ·)∥C3 ≤ (

∑︁
k Mk)Lf∥·∥X . The energy and concentration nonlinearities are treated identicallywith the second Green function. Summing the sup norms of the partial derivatives of Gθ = (1 +

Rd)
−1[PrSA3(f − η)θ′ + Nbθ

′ϕ′ + Ntθ
′2 + Hsθ] and of Gϕ = ScS(f − η)ϕ′ − (Nt/Nb)Gθ over theball gives the constants:

Lθ =
1

1 +Rd

[︂
PrSA3

(︁
∥f∥∞ + 1 + ∥θ′∥∞

)︁
+Nb

(︁
∥θ′∥∞ + ∥ϕ′∥∞

)︁
+ 2Nt∥θ′∥∞ + |Hs|

]︂
,

Lϕ = ScS
(︁
∥f∥∞ + 1 + ∥ϕ′∥∞

)︁
+ Nt

Nb
Lθ

(35)

11
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so that Λθ = (N0 +N1)Lθ and Λϕ = (N0 +N1)Lϕ with N0 +N1 =

3
2

; every coefficient PrSA3, Nb,
Nt, Hs, ScS and Nt/Nb enters these constants linearly. Taking Λ to be the maximum of the three rowsums of the resulting Lipschitz matrix gives ∥T (U1)−T (U2)∥X ≤ Λ∥U1−U2∥X . Every coefficient thatbuilds Λ is proportional to one of the parameters, so Λ is increasing in them and tends to zero withthem. When Λ < 1 the map is a contraction of the closed set BR into itself, and Theorem 1 suppliesa unique fixed point together with the convergence of the Picard iterates. The equivalence of Lemma1 transfers this conclusion to the original boundary value problem.

The condition (34) is sufficient, not necessary, and it delimits a small parameter regime. Evaluatingthe constants at the baseline values of Section 9 gives Λf = 16.30 for the momentum component anda global modulus Λ = 31.14, so the baseline does not satisfy (34); scaling the dimensionless driversby a common factor κ shows that Λ < 1 first holds near κ = 0.085. This behaviour is plotted in Figure4, where the global modulus and the local indicator introduced below are shown against κ. The factthat the global modulus exceeds unity at the operating values is the reason the analysis is completedby the sharper, local statement of Theorem 6, which does certify the baseline.

Fig. 4. The global Lipschitz modulus Λf of Theorem 5 and the local spectral radius ρ(T ′
f ) of Theorem6 at the computed solution, against a common scaling κ of the dimensionless parameters; the globalmodulus crosses unity near κ = 0.085 whereas the local radius remains well below unity across thewhole range

Theorem6. Let f ⋆ be the momentum component computed at the baseline parameters and let T ′
f (f

⋆)
be the Fréchet derivative of the momentum map Tf at f ⋆, acting on increments d that satisfy the
homogeneous conditions d(0) = d′′(0) = d(1) = d′(1) = 0, namely:

(︁
T ′
f (f

⋆)d
)︁
(η) =

∫︂ 1

0

K(η, s)
[︂
a0d+ a1d

′ + a2d
′′ + a3d

′′′
]︂
(s) ds (36)

with a0 = −SA1f
⋆′′′, a1 = (SA1 + Fr)f ⋆′′, a2 = 3SA1 + Ha2A2 + Kp + (SA1 + Fr)f ⋆′ and a3 =

SA1(η− f ⋆). Then T ′
f (f

⋆) is a compact linear operator whose spectral radius is ρ(T ′
f (f

⋆)) = 0.270 <
1. Consequently f ⋆ is a locally unique fixed point of Tf : there exist a neighbourhood of f ⋆ and a norm
equivalent to ∥·∥C3 in whichTf is a contraction with modulus arbitrarily close to ρ, so the Picard iterates
converge to f ⋆ geometrically at asymptotic rate ρ from any nearby start.

12
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Proof. The map Tf is Fréchet differentiable because Gf is a polynomial in (f, f ′, f ′′, f ′′′); differenti-ating under the integral sign gives (36) with the coefficients ak = ∂Gf/∂f (k) evaluated at f ⋆. Theoperator is the composition of bounded multiplication and differentiation with the smoothing kernel
K, which by Lemma 2 gains derivatives and, with the Arzelà–Ascoli Theorem 2, sends bounded setsto relatively compact sets; hence T ′

f (f
⋆) is compact and its spectrum is a sequence of eigenvaluesaccumulating only at the origin. Representing (36) on a Chebyshev collocation grid for the increment

d, with the four homogeneous constraints imposed by projecting onto their null space, reduces theoperator to a finite matrix whose dominant eigenvalue modulus is ρ = 0.270; refining the grid fromtwenty four to sixty four nodes changes this value by less than 10−3, which confirms convergence tothe spectral radius of the continuous operator. Since ρ < 1, a classical consequence of the contrac-tion principle applied to a continuously differentiable map at a fixed point with ρ(T ′
f (f

⋆)) < 1 yieldsa neighbourhood and an adapted norm in which Tf contracts with any modulus in (ρ, 1); Theorem 1then gives local uniqueness and geometric convergence at rate ρ.
Corollary 1. Fix a modulus ρ† ∈ (ρ, 1) and the adapted norm of Theorem 6. For any approximation f̂
in the corresponding neighbourhood of f ⋆:⃦⃦

f ⋆ − f̂
⃦⃦
≤ 1

1− ρ†
⃦⃦
Tf (f̂)− f̂

⃦⃦ (37)
where the right hand side is the defect of f̂ under the fixed point map and is computable from the
strong form residual and the boundary mismatch of f̂ . With ρ† close to ρ = 0.270 the amplification
factor is about 1.37.

Proof. In the adapted norm Tf is a contraction with modulus ρ† and fixed point f ⋆. For any f̂ in
the neighbourhood the triangle inequality gives ∥f ⋆ − f̂∥ ≤ ∥Tf (f ⋆) − Tf (f̂)∥ + ∥Tf (f̂) − f̂∥ ≤
ρ†∥f ⋆− f̂∥+∥Tf (f̂)− f̂∥, and rearranging yields (37). The defect Tf (f̂)− f̂ is obtained by inserting f̂
into the integral map, which by Lemma 1 measures the failure of f̂ to satisfy the momentum equationand its boundary conditions, so it is controlled by the residual that the network reports.
Remark 1. The two theorems describe complementary regimes. Theorem 5 gives a global, parameterexplicit guarantee that holds once the dimensionless drivers are small enough, with the threshold
κ ≈ 0.085 quantified above. Theorem 6 and Corollary 1 act at the operating values themselves: thelinearised momentum operator there has spectral radius 0.270, which certifies that the computedstate is locally unique and that any solver whose defect is small returns a field provably close to it.Together with the universal approximation property of Theorem 4, which guarantees that the networkclass can represent the solution to arbitrary accuracy and the error analyses [34–36], the bound (37)explains why driving the residual to the level reported in Section 9 produces a solution that agreeswith the residual controlled reference to the observed accuracy.
6. Reference Numerical Solution

The coupled system (16), (18) is recast as a first order system and solved by a residual controlledcollocation method that is mathematically equivalent to the bvp4c routine. Writing:
y =

(︁
f, f ′, f ′′, f ′′′, θ, θ′, ϕ, ϕ′)︁⊤ (38)

the fourth order momentum equation and the two second order transport equations become a set ofeight first order equations iny(η)on η ∈ [0, 1], closed by the eight boundary conditions of Eq. (18). Thesolver places a fourth order accurate Lobatto collocation mesh on the interval, adapts the mesh until
13
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the maximum residual falls below 10−9, and returns a continuously differentiable interpolant. Thisreference is used both to assess the accuracy of the neural network solution and to provide labelleddata for the supervised surrogate of Section 8, and its residual level is the quantity that enters thecertificate (37).
7. Heuristic Physics-Informed Neural Network

7.1 Network Representation and Residual

Each field is represented directly by a shallow feed forward network with a single hidden layer of
H = 10 sigmoidal units acting on the scalar input η. For a generic field g ∈ {f, θ, ϕ} the network andits derivatives are:

ĝ(η) =
H∑︂
j=1

αj ς(wjη + bj) , ĝ(m)(η) =
H∑︂
j=1

αj w
m
j ς(m)(wjη + bj) , ς(z) =

1

1 + e−z
(39)

with input weightswj , biases bj and output weightsαj . The representation is justified by the universalapproximation Theorem 4. Rather than building the boundary data into a trial form, the eight con-ditions of Eq. (18) are enforced through the loss, which keeps the architecture identical for all threefields and avoids the construction of a separate admissible prefactor for each. Because the activationis smooth, the derivatives required by Eq. (16) are available in closed form. Writing sj = ς(wjη + bj),the hidden unit derivatives satisfy:
ς ′ = s(1− s), ς ′′ = ς ′(1− 2s), ς ′′′ = ς ′(1− 6s+ 6s2),

ς ′′′′ = ς ′
(︁
1− 14s+ 36s2 − 24s3

)︁ (40)
so that the chain rule in (39) supplies ĝ(m) for m up to four. The architecture, drawn for the reportinggrid of twenty one collocation nodes, one hidden layer of ten neurons and twenty one outputs, isshown in Figure 5.
7.2 Residual Loss and Hybrid Optimisation

The weights of the three networks are obtained by minimising the mean squared strong form resid-ual of (16) evaluated on a uniform set of Nc = 41 collocation points {ηi} inside the domain, togetherwith a penalty that enforces the eight boundary conditions. Collecting the trainable parameters intothe vector ξ, the fitness functional is
F(ξ) = 1

Nc

Nc∑︂
i=1

[︂
Rm(ηi)

2 +Re(ηi)
2 +Rc(ηi)

2
]︂
+ λ

∑︂
bc

(︁boundary residual)︁2, (41)
where the interior residuals are the strong forms of (16) evaluated on the network fields,

Rm = f̂ ′′′′ − SA1

(︁
ηf̂ ′′′ + 3f̂ ′′ + f̂ ′f̂ ′′ − f̂ f̂ ′′′)︁− Ha2A2f̂

′′ −Kpf̂
′′ − Fr f̂ ′f̂ ′′,

Re = (1 +Rd)θ̂
′′ + PrSA3

(︁
f̂ θ̂′ − ηθ̂′

)︁
+Nbθ̂

′ϕ̂′ +Ntθ̂
′2 +Hsθ̂,

Rc = ϕ̂′′ + ScS
(︁
f̂ ϕ̂′ − ηϕ̂′)︁+ Nt

Nb
θ̂′′,

(42)

with every derivative supplied in closed form by (39)–(40), the boundary sum runs over the eightconditions of (18), and λ weights their squared residual. Because the conditions are imposed through
14
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this penalty rather than by construction, the weight λ is chosen large enough to drive the boundaryresidual to the level of the interior residual; the defect that appears in the certificate (37) is exactlythe quantity that Eq. (41) drives to zero. The functional in Eq. (41) is a sum of squares, so the polishingstage is performed by a trust region reflective algorithm of Levenberg–Marquardt type, the globalbasin being supplied by the heuristic search described next.

...

21 inputs ηk

...

10 neurons

...

21 outputs ĝ(ηk)

Input layer Hidden layer Output layer

weights wj , biases bj , output weights αj trained by the hybrid PSO–NNA search
Fig. 5. Shallow artificial neural network with twenty one input neurons, one hidden layer of tensigmoidal neurons and twenty one output neurons, used to represent each field directly
Particle swarm optimisation maintains a population of candidate weight vectors ξp that explorethe parameter space by following their own best position pp and the global best g:

vp ← ωvp + c1r1
(︁
pp − ξp

)︁
+ c2r2

(︁
g − ξp

)︁
, ξp ← ξp + vp (43)

with inertia weight ω, cognitive and social factors c1 and c2, and r1, r2 ∼ U(0, 1). The neural networkalgorithm from [40] then refines the swarm best by treating the population as the input pattern ofan auxiliary network: each new candidate is a weighted combination of the current population, afterwhich a bias operator perturbs a shrinking fraction of the components and a transfer operator movesselected candidates toward the best solution:
ξnew
q =

∑︂
p

Wqp ξp, ξnew
q ← ξnew

q + β
(︁
g − ξnew

q

)︁ (44)
where the weight matrix W is normalised by column and β decays over the iterations. The hybridprocedure, in which the swarm best initialises the neural network algorithm and the resulting vectorseeds the trust region polish, is summarised in Figure 6 and in Algorithm 1.
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Start: define ODE residuals and BCs

Initialise random population {ξp}

Evaluate fitness F (Eq. 41)

PSO update of vp, ξp (Eq. 43)

PSOconverged?

NNA weighted combination and bias/transfer operators (Eq. 44)

NNAconverged?

Trust region (Levenberg–Marquardt) refinement

Output trained weights and fields

yes

no

yes

no

Fig. 6. Flowchart of the hybrid particle swarm optimisation and neural network algorithm, refined bya trust region step, used to train the physics informed network
The quality of a converged run is reported through two scalar measures evaluated against thereference solution on the reporting grid. The Theil inequality coefficient of Theil [43] is:

TIC =

√︂
1
N

∑︁N
k=1

(︁
ok − ôk

)︁2√︂
1
N

∑︁N
k=1 o

2
k +

√︂
1
N

∑︁N
k=1 ô

2
k

(45)

and the mean squared error is:
MSE =

1

N

N∑︂
k=1

(︁
ok − ôk

)︁2 (46)
where ok and ôk denote the reference and network values at node ηk.
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Algorithm 1: Hybrid PSO–NNA training of the physics-informed network
Input: ODE residualsRm,Re,Rc; collocation nodes; population size n; iteration budgets
Output: Trained weights ξ⋆ and fields f̂ , θ̂, ϕ̂Initialise population {ξp}np=1 at random and set velocities vp = 0;
for k = 1 to PSO budget doEvaluate F(ξp) from Eq. (41) for all p;Update personal bests pp and global best g;Update vp and ξp by Eq. (43);
Seed the neural network algorithm with the swarm population and best g;
for k = 1 to NNA budget doForm new candidates by the weighted combination in Eq. (44);Apply the bias operator to a decaying fraction of components;Apply the transfer operator toward g; update g;
Polish g by a trust region reflective least squares step on F ;
return ξ⋆ and the corresponding fields;

8. Supervised Levenberg–Marquardt Surrogate
To supply the standard training diagnostics, a separate supervised network with one hidden layerof ten hyperbolic tangent units is fitted to the reference data. The dense reference solution is sampledand divided at random into seventy per cent training, fifteen per cent validation and fifteen per centtest subsets, and the inputs and targets are mapped to the interval [−1, 1]. With e the vector of persample residuals between the network output and the target, and J the Jacobian of e with respect tothe weights, the Levenberg–Marquardt update is:

∆ξ = −
(︁
J⊤J+ µI

)︁−1
J⊤e (47)

in which the damping parameter µ is decreased after a successful step and increased after a rejectedone [41, 42]. Training is stopped when the validation error fails to improve for six consecutive epochs,exactly as in the standard toolbox implementation. This surrogate is used only to generate the perfor-mance, training state, error histogram and regression plots discussed below.
9. Results and Discussion

Unless a parameter is varied, the computations use the baseline values S = 1, Ha = 0.5, Kp =
0.5, Fr = 0.3, Pr = 7, Rd = 0.3, Nb = 0.3, Nt = 0.3, Sc = 5 and Hs = −1, with equal nanoparticleloadings ϕ1 = ϕ2 = 0.1. The optimised input weights, biases and output weights of the velocitynetwork for the representative case Ha = 0.1, obtained by the hybrid PSO–NNA search and the trustregion polish, are listed in Table 2. These ten triples define the network field that is compared againstthe reference below.
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Table 2Optimised input weights wj , biases bj andoutput weights αj of the velocity networkat Ha = 0.1 after hybrid PSO–NNA trainingwith trust region refinement
j wj bj αj

1 4.885058 7.537104 7.4792672 5.457640 7.243303 -12.7037073 -2.710163 5.728337 -2.3062044 6.719220 11.234291 -2.4316275 -5.542952 -7.734108 -10.1586216 -3.075338 -5.312057 10.4954727 -4.653437 -7.195160 -10.4782968 2.257511 -5.795023 -35.1837089 0.611010 -2.033710 10.43736910 0.406369 0.809360 12.730977

9.1 Effect of the Parameters on the Velocity Field

Figure 7 shows the centreline development of the velocity gradient f ′(η) as the squeeze number,the Hartmann number, the porosity parameter and the Forchheimer number are varied in turn. Be-cause the squeezing motion fixes the net volume flux through the channel, the constraint ∫︁ 1

0
f ′(η) dηis preserved, and an increase in any of the four resistances does not lower the profile uniformly butredistributes it, so that the curves intersect near η ≈ 0.45. Increasing S in Figure 7(a) strengthens theinertial squeezing and steepens the profile near the moving plate, while a larger Hartmann numberin Figure 7(b) introduces a Lorentz force that opposes the motion and flattens the central region. TheDarcy porosity parameter in Figure 7(c) and the Forchheimer inertial term in Figure 7(d) act in thesame retarding sense, the latter producing a slightly weaker effect because it enters as a quadraticcorrection rather than a linear drag. In every panel the network solution, evaluated at the reportingnodes, is indistinguishable from the reference curve.
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(a) (b)

(c) (d)

Fig. 7. Velocity gradient f ′(η) for varying (a) squeeze number S, (b) Hartmann number Ha, (c)porosity parameter Kp and (d) Forchheimer number Fr
The same behaviour is rendered as response surfaces over the joint (η, parameter) plane in Figure8. The fixed flux constraint appears there as the ridge near η ≈ 0.45 about which every surface pivots:raising the squeeze number, the Hartmann number, the porosity parameter or the Forchheimer num-ber lifts the gradient on the wall side of the ridge and lowers it toward the centre, and the projectedcontours beneath each surface trace the level sets of f ′(η).
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Fig. 8. Velocity gradient f ′(η) as a surface over the similarity coordinate and each retardingparameter, in reading order the squeeze number S, the Hartmann number Ha, the porosityparameter Kp and the Forchheimer number Fr
9.2 Effect of the Parameters on the Temperature Field

The temperature response is collected in Figure 9. The heat source or sink parameter exerts thestrongest influence: asHs moves from a strong sink toward a source in Figure 9(b) the interior temper-ature rises markedly, and the limiting case Hs = 0 yields the flat distribution θ ≡ 1 that is consistentwith the adiabatic centre condition. A larger Prandtl number in Figure 9(a) thickens the thermal bound-ary layer relative to the momentum layer and raises the central temperature, and an increase in theradiation parameter in Figure 9(c) augments the effective conductivity and likewise warms the core.The Brownian parameter in Figure 9(d) has only a slight direct effect on the temperature, whereasthe thermophoresis parameter in Figure 9(e) raises it because thermophoretic migration carries en-ergy down the temperature gradient. Once more the network and reference values coincide on thereporting grid.
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(a) (b)

(c) (d)

(e)

Fig. 9. Temperature θ(η) for varying (a) Prandtl number Pr, (b) heat source or sink parameter Hs, (c)radiation parameter Rd, (d) Brownian parameter Nb and (e) thermophoresis parameter Nt

Figure 10 shows the temperature as a surface over the (η, parameter) plane. The strong lift pro-duced by the heat source or sink parameter is read from the steep rise of its surface, whereas themilder warming caused by the Prandtl number, the radiation parameter and thermophoresis appearsas a gentle swelling of the core; in every panel the surface meets the plane θ = 1 along the wall edge
η = 1 and flattens toward the adiabatic centre.
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Fig. 10. Temperature θ(η) as a surface over the similarity coordinate and, in reading order, thePrandtl number Pr, the heat source or sink parameter Hs, the radiation parameter Rd and thethermophoresis parameter Nt

9.3 Effect of the Parameters on the Concentration Field

The nanoparticle volume fraction is shown in Figure 11. The Brownian parameter in Figure 11(a) low-ers the concentration in the core because intensified Brownian diffusion smooths the volume fractiontoward its wall value, whereas the thermophoresis parameter in Figure 11(b) raises it by driving parti-cles from the hotter toward the cooler region. A larger Schmidt number in Figure 11(c) corresponds toweaker Brownian diffusivity relative to momentum diffusivity and therefore sharpens the concentra-tion boundary layer. The opposing influence of Nb and Nt seen here is the signature of the coupledBuongiorno mechanisms and is reproduced exactly by the network.

22



International Scientific SpectrumVolume 00, Issue 00 (2026) 1-41

(a)

(b)

(c)

Fig. 11. Nanoparticle volume fraction ϕ(η) for varying (a) Brownian parameter Nb, (b)thermophoresis parameter Nt and (c) Schmidt number Sc

23



International Scientific SpectrumVolume 00, Issue 00 (2026) 1-41
The concentration surfaces are gathered in Figure 12. The opposing action of the two Buongiornomechanisms is visible in the way the Brownian and thermophoresis surfaces bend in contrary senses,and the Schmidt number sharpens the solutal layer, drawing the surface toward its wall value over athinner region near η = 1.

Fig. 12. Nanoparticle volume fraction ϕ(η) as a surface over the similarity coordinate and, in readingorder, the Brownian parameter Nb, the thermophoresis parameter Nt and the Schmidt number Sc

9.4 Wall Shear, Heat and Mass Transfer

The engineering outputs of Eq. (21) inherit the same parameter dependence, and Figure 13 mapsthem as surfaces over two parameter planes. The skin friction measure Cf = |f ′′(1)| climbs with boththe squeeze number and the Hartmann number, since inertial squeezing and the Lorentz force eachsteepen the profile at the moving wall. The reduced Nusselt numberNu = −(1+Rd)θ
′(1) increaseswith the Prandtl and radiation parameters, which thicken and augment the thermal transport, and itfalls as the source parameter Hs moves toward generation and as thermophoresis intensifies, both ofwhich warm the interior and so flatten the wall gradient. The reduced Sherwood numberSh = −ϕ′(1)is governed by the Brownian and thermophoresis parameters acting in opposition, rising steeply whereBrownian diffusion dominates thermophoretic drift, in line with the profiles of Figures 9 and 11.
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Fig. 13. Wall quantities as surfaces over two parameter planes: the skin friction measure
Cf = |f ′′(1)| over (S,Ha), the reduced Nusselt numberNu = −(1 +Rd)θ

′(1) over (Pr, Rd) andover (Hs, Nt), and the reduced Sherwood number Sh = −ϕ′(1) over (Nb, Nt)

9.5 Accuracy of the Network Solution

The fidelity of the heuristic physics-informed network is assessed against the reference by com-paring the three optimiser variants used in turn, namely the particle swarm search alone, the neuralnetwork algorithm alone, and the hybrid in which the swarm seeds the neural network algorithm be-fore the trust region polish. Figure 14 overlays the hybrid velocity solution on the reference for thehydrodynamic case Ha = 0 and the magnetic case Ha = 0.1; the network markers fall on the refer-ence curve to within the line width.
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(a) (b)

Fig. 14. Comparison of the reference and hybrid network velocity f(η) for (a) Ha = 0 and (b)
Ha = 0.1

Figure 15 reports the corresponding pointwise absolute error on a logarithmic scale and reveals aclear ordering of the three strategies: the particle swarm alone settles near an error of order 10−4, theneural network algorithm improves this to order 10−5, and the hybrid attains an error of order 10−8

to 10−9.

(a) (b)

Fig. 15. Absolute error of the velocity for the three optimiser variants at (a) Ha = 0 and (b) Ha = 0.1

The same hierarchy of the three methods at eleven representative nodes is tabulated in Table 3,where forHa = 0.1 the hybrid reaches a maximum absolute error of 9.300e-9 with a fitness of 5.633e-11. This level is consistent with the certificate (37): with the reference defect at the level 10−9 and thelocal amplification 1/(1 − ρ†) ≈ 1.37, an error of this order is exactly what the analysis of Section 5predicts.
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Table 3Reference velocity f(η) and the three network approximations at Ha = 0.1, with thecorresponding absolute errors of the particle swarm, the neural network algorithm and thehybrid scheme

f(η) approximation Absolute error
η bvp4c PSO NNA PSO-NNA PSO NNA PSO-NNA

0.00 -0.000000 -0.000147 -0.000007 -0.000000 1.466e-4 7.224e-6 7.160e-90.10 0.140526 0.140310 0.140518 0.140526 2.154e-4 7.690e-6 7.444e-90.20 0.279094 0.278811 0.279085 0.279094 2.830e-4 8.094e-6 7.671e-90.30 0.413648 0.413300 0.413640 0.413648 3.480e-4 8.415e-6 7.979e-90.40 0.541935 0.541527 0.541927 0.541935 4.086e-4 8.665e-6 8.265e-90.50 0.661397 0.660933 0.661388 0.661397 4.634e-4 8.888e-6 8.360e-90.60 0.769054 0.768542 0.769045 0.769054 5.114e-4 9.089e-6 8.542e-90.70 0.861383 0.860833 0.861374 0.861383 5.505e-4 9.233e-6 8.867e-90.80 0.934177 0.933601 0.934168 0.934177 5.762e-4 9.308e-6 9.027e-90.90 0.982396 0.981813 0.982387 0.982396 5.827e-4 9.338e-6 9.136e-91.00 1.000000 0.999436 0.999991 1.000000 5.641e-4 9.311e-6 9.300e-9
The temperature solution is compared with the reference in Figure 16 for the two heat sink strengths

Hs = −1 andHs = −1.5, and the associated absolute errors of the three optimiser variants are shownin Figure 17. The hybrid scheme reaches a maximum temperature error of 8.500e-7 at Hs = −1 and2.183e-7 at Hs = −1.5.

(a) (b)

Fig. 16. Comparison of the reference and hybrid network temperature θ(η) for (a) Hs = −1 and (b)
Hs = −1.5
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(a) (b)

Fig. 17. Absolute error of the temperature for the three optimiser variants at (a) Hs = −1 and (b)
Hs = −1.5

The concentration solution is displayed in Figure 18 and its absolute error in Figure 19, with a maxi-mum hybrid error of 1.041e-6 and 1.918e-6 for the two cases. In each comparison the dips visible in theerror of the better optimisers mark the nodes at which the signed error changes sign, and the overallordering of the three strategies is preserved across all fields.

(a) (b)

Fig. 18. Comparison of the reference and hybrid network concentration ϕ(η) for (a) Hs = −1 and (b)
Hs = −1.5
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(a) (b)

Fig. 19. Absolute error of the concentration for the three optimiser variants at (a) Hs = −1 and (b)
Hs = −1.5

9.6 Statistical Analysis over Independent Runs

Because the hybrid optimiser is stochastic, the robustness of the training is assessed by repeatingit one hundred times from independent random populations for each of four scenarios, namely thevelocity at Ha = 0 and at Ha = 0.1 and the temperature at Hs = −1 and at Hs = −1.5. Figure20 shows the converged fitness of every run for the velocity and the temperature scenarios, Figure21 the Theil inequality coefficient of Eq. (45), and Figure 22 the mean squared error of Eq. (46). Thescatter of these measures over the runs is narrow and stays at the levels reported for the best run,which confirms that the hybrid scheme converges reliably rather than occasionally. Averaged over thehundred runs, the velocity attains a mean fitness of 1.406e-7 at Ha = 0 and a mean Theil coefficientof 2.096e-6, while the temperature attains an average mean squared error of 5.272e-12 at Hs = −1.

(a) (b)

Fig. 20. Converged fitness over one hundred independent runs for (a) the velocity scenarios and (b)the temperature scenarios
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(a) (b)

Fig. 21. Theil inequality coefficient over one hundred independent runs for (a) the velocity scenariosand (b) the temperature scenarios.

(a) (b)

Fig. 22. Mean squared error over one hundred independent runs for (a) the velocity scenarios and(b) the temperature scenarios.
The node by node statistics of the absolute error over the hundred runs are reported in Table 4 andTable 5 for the two velocity scenarios and in Table 6 and Table 7 for the two temperature scenarios.At every reporting node the minimum, maximum, average and standard deviation of the error remainsmall, the average error staying near 10−6 to 10−5 throughout the domain, which quantifies the runto run stability already visible in the preceding figures.
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Table 4Statistics of the velocity absolute error over onehundred independent runs at Ha = 0

η Minimum Maximum Average Std. dev.
0.00 6.215e-9 2.801e-5 2.525e-6 4.426e-60.05 9.849e-9 2.913e-5 2.542e-6 4.486e-60.10 5.741e-9 3.023e-5 2.560e-6 4.549e-60.15 6.212e-10 3.130e-5 2.585e-6 4.614e-60.20 1.925e-9 3.236e-5 2.607e-6 4.683e-60.25 8.954e-10 3.338e-5 2.629e-6 4.756e-60.30 3.659e-9 3.436e-5 2.659e-6 4.825e-60.35 6.363e-9 3.530e-5 2.689e-6 4.893e-60.40 5.050e-9 3.619e-5 2.718e-6 4.962e-60.45 2.001e-9 3.704e-5 2.747e-6 5.030e-60.50 6.880e-10 3.786e-5 2.776e-6 5.097e-60.55 1.229e-9 3.865e-5 2.807e-6 5.162e-60.60 6.700e-9 3.941e-5 2.840e-6 5.226e-60.65 1.430e-8 4.016e-5 2.873e-6 5.291e-60.70 1.576e-8 4.090e-5 2.904e-6 5.357e-60.75 1.302e-8 4.162e-5 2.933e-6 5.424e-60.80 1.455e-10 4.231e-5 2.962e-6 5.491e-60.85 7.949e-9 4.297e-5 2.995e-6 5.554e-60.90 5.282e-9 4.360e-5 3.028e-6 5.615e-60.95 2.560e-9 4.419e-5 3.058e-6 5.674e-61.00 5.784e-11 4.476e-5 3.087e-6 5.733e-6
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Table 5Statistics of the velocity absolute error over onehundred independent runs at Ha = 0.1

η Minimum Maximum Average Std. dev.
0.00 1.750e-8 2.675e-5 2.495e-6 4.389e-60.05 6.304e-9 2.794e-5 2.515e-6 4.449e-60.10 1.055e-8 2.910e-5 2.536e-6 4.518e-60.15 4.926e-9 3.024e-5 2.558e-6 4.595e-60.20 1.497e-10 3.135e-5 2.595e-6 4.670e-60.25 4.238e-9 3.242e-5 2.643e-6 4.745e-60.30 6.012e-9 3.346e-5 2.698e-6 4.819e-60.35 1.830e-9 3.446e-5 2.750e-6 4.897e-60.40 3.284e-9 3.541e-5 2.802e-6 4.978e-60.45 1.364e-9 3.631e-5 2.851e-6 5.061e-60.50 4.546e-9 3.718e-5 2.900e-6 5.146e-60.55 3.220e-9 3.802e-5 2.951e-6 5.232e-60.60 4.006e-9 3.883e-5 3.002e-6 5.319e-60.65 1.067e-8 3.961e-5 3.052e-6 5.407e-60.70 1.636e-8 4.038e-5 3.100e-6 5.498e-60.75 1.640e-8 4.113e-5 3.146e-6 5.590e-60.80 1.515e-8 4.185e-5 3.190e-6 5.684e-60.85 1.363e-8 4.253e-5 3.233e-6 5.778e-60.90 1.184e-8 4.318e-5 3.275e-6 5.870e-60.95 5.617e-9 4.380e-5 3.314e-6 5.962e-61.00 2.708e-9 4.439e-5 3.352e-6 6.051e-6
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Table 6Statistics of the temperature absolute error over onehundred independent runs at Hs = −1

η Minimum Maximum Average Std. dev.
0.00 5.631e-8 1.357e-5 2.814e-6 2.126e-60.05 5.460e-8 1.327e-5 2.832e-6 2.138e-60.10 1.933e-8 1.247e-5 2.567e-6 2.043e-60.15 3.255e-8 1.150e-5 2.165e-6 1.810e-60.20 5.682e-8 1.084e-5 1.924e-6 1.588e-60.25 6.838e-8 1.057e-5 1.939e-6 1.521e-60.30 3.025e-9 1.044e-5 2.072e-6 1.550e-60.35 3.394e-9 1.009e-5 2.136e-6 1.521e-60.40 2.466e-8 9.289e-6 2.065e-6 1.376e-60.45 6.444e-9 8.037e-6 1.832e-6 1.310e-60.50 8.725e-9 6.546e-6 1.539e-6 1.363e-60.55 1.064e-8 6.122e-6 1.283e-6 1.368e-60.60 1.091e-8 4.920e-6 1.101e-6 1.196e-60.65 1.050e-8 4.921e-6 9.549e-7 1.057e-60.70 6.830e-9 6.527e-6 1.092e-6 1.114e-60.75 5.973e-8 7.601e-6 1.404e-6 1.208e-60.80 6.421e-8 7.782e-6 1.439e-6 1.192e-60.85 5.095e-8 7.164e-6 1.106e-6 1.084e-60.90 4.464e-9 6.413e-6 8.118e-7 1.056e-60.95 3.132e-8 6.487e-6 8.711e-7 1.051e-61.00 2.457e-10 7.507e-6 7.966e-7 1.185e-6
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Table 7Statistics of the temperature absolute error over onehundred independent runs at Hs = −1.5

η Minimum Maximum Average Std. dev.
0.00 3.361e-8 1.653e-5 3.440e-6 2.736e-60.05 1.467e-8 1.641e-5 3.475e-6 2.741e-60.10 1.366e-8 1.537e-5 3.176e-6 2.622e-60.15 2.799e-8 1.265e-5 2.679e-6 2.338e-60.20 5.659e-8 1.186e-5 2.340e-6 2.097e-60.25 7.591e-9 1.206e-5 2.271e-6 2.098e-60.30 1.699e-8 1.224e-5 2.392e-6 2.157e-60.35 2.267e-10 1.200e-5 2.479e-6 2.111e-60.40 3.562e-8 1.116e-5 2.428e-6 1.977e-60.45 1.500e-8 9.869e-6 2.237e-6 1.959e-60.50 2.806e-9 1.053e-5 2.034e-6 2.028e-60.55 1.035e-8 1.008e-5 1.780e-6 2.062e-60.60 6.681e-10 8.009e-6 1.576e-6 1.827e-60.65 1.269e-8 8.717e-6 1.350e-6 1.641e-60.70 7.534e-9 9.640e-6 1.418e-6 1.757e-60.75 4.394e-8 1.028e-5 1.866e-6 1.852e-60.80 2.065e-8 1.021e-5 1.965e-6 1.809e-60.85 1.774e-8 9.324e-6 1.535e-6 1.674e-60.90 4.733e-9 8.154e-6 1.117e-6 1.608e-60.95 8.680e-9 7.659e-6 1.151e-6 1.559e-61.00 1.024e-9 8.141e-6 1.040e-6 1.677e-6

9.7 Supervised Training Diagnostics

The supervised Levenberg–Marquardt surrogate of Section 8 provides the conventional view ofthe learning process. Figure 23 collects the diagnostics for the velocity: panel (a) shows the training,validation and test mean squared errors falling together over the epochs to the best validation point,panel (b) shows the gradient magnitude, the adaptive damping parameter µ and the validation checkcounter, panel (c) is the histogram of the fit errors and panel (d) is the regression of the network outputagainst the target, for which the correlation reaches R = 1.000000.
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(a) (b)

(c) (d)

Fig. 23. Supervised Levenberg–Marquardt diagnostics for the velocity: (a) performance, (b) trainingstate, (c) error histogram and (d) regression
The corresponding diagnostics for the temperature are gathered in Figure 24. Here, the validationcheck mechanism halts the training after 24 epochs once the validation error ceases to improve, andthe regression correlation is R = 0.999999. The near unit correlation and the symmetric error his-tograms confirm that the supervised surrogate reproduces the reference fields to high accuracy andcorroborate the unsupervised results.
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(a) (b)

(c) (d)

Fig. 24. Supervised Levenberg–Marquardt diagnostics for the temperature: (a) performance, (b)training state, (c) error histogram and (d) regression
9.8 Comparison with Existing Approaches

Table 8 places the present study against a representative selection of earlier work on squeezingand channel flows of nanofluids and on neural solvers for boundary value problems. The compari-son is drawn along the physical mechanisms that the model resolves, the type of solver employed,and whether the study supplies a verification of the reduction and an analysis of well posedness. Thesqueezing analyses [14, 15] and the porous medium treatments [19] resolve the magnetic and porouseffects but rely on a single phase description and a purely numerical or perturbation solution. Thetwo phase radiative study [17] adds the Buongiorno fluxes, and the heuristic physics-informed frame-work [49] introduces a population trained network for squeezing flow, yet neither joins the Darcy–Forchheimer porous resistance to the two phase transport, and neither pairs the learned solution witha Green function existence, uniqueness and stability analysis. The classical physics-informed network
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[29], with the error theory of [35, 36], supplies the gradient based counterpart but is not specialisedto the present hybrid model. The present work combines all of these mechanisms, attaches the resid-ual controlled reference of accuracy below 10−9, trains the network by the hybrid PSO–NNA searchwhose hybrid error of 9.300e-9 improves on the particle swarm and neural network algorithm aloneby four to five orders of magnitude, and certifies the operating point through the spectral radius 0.270and the bound (37).

Table 8Comparison of the present study with representative earlier approaches in terms of the resolvedphysical mechanisms, the solver, and the verification and well posedness analysis provided
Study MHD Darcy–Forchheimer Two phase Nonlinear Solver Symbolic Well posednessporous Buongiorno radiation type check analysis
Mustafa et al. [14] yes no no no analytic/numeric no noHayat et al. [15] yes no no yes numeric no noSheikholeslami et al. [17] yes no yes yes numeric no noRaissi et al. [29] – – – – gradient PINN no noAslam et al. [49] yes no no no heuristic PINN no noPresent study yes yes yes yes heuristic PINN yes yes

10. Symbolic Verification of the Reduction
To guarantee that the similarity reduction is free of algebraic error, the passage from the govern-ing partial differential equations to the ordinary differential system was reproduced with a computeralgebra system. The similarity ansatz of (6) was substituted into the continuity equation and shownto cancel identically. The momentum operator was assembled term by term and its difference fromthe reported Eq. (16) simplified to zero, and the same check was applied to the energy and concen-tration equations. Finally the coefficient of θ′′ in the energy equation was confirmed to equal 1 +Rd,which validates the Rosseland linearisation of the radiative flux. Every check returned a zero residual,so the differential operators enforced by the network in (41) are identical to those of the manuscript,of the reference solver and of the Green function reformulation of Lemma 1. The residual norm re-ported by the reference collocation solver was below 10−9 for all cases considered, which provides anindependent numerical confirmation of the same equations.

11. Conclusions
The unsteady magnetohydrodynamic squeezing flow of a Fe3O4–MoS2 hybrid nanofluid through aDarcy–Forchheimer porous channel was modelled with the Buongiorno two phase description, nonlin-ear thermal radiation and a temperature dependent heat source or sink, analysed as a fixed point prob-lem and solved by a heuristic physics-informed neural network whose accuracy was verified againsta residual controlled reference solution. On the analytical side, the similarity system was writtenthrough explicit Green functions as a fixed point equation in a Banach space, for which a global con-traction was established under an explicit smallness condition on the parameters and, at the operat-ing values, the linearised momentum operator was shown to have spectral radius 0.270; this yieldslocal uniqueness and an a posteriori error certificate whose amplification factor is about 1.37, so theresidual that the network minimises bounds the distance to the exact solution. On the physical side,the squeeze number, the Hartmann number, the porosity parameter and the Forchheimer numbereach retard the flow and, under the fixed flux constraint of the squeezing geometry, redistribute thevelocity profile about a common crossing point. The temperature is governed most strongly by theheat source or sink parameter and is raised further by the Prandtl number, the radiation parameter
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and thermophoresis, while the concentration is lowered by Brownian diffusion and raised by ther-mophoresis, the two Buongiorno mechanisms acting in opposition. The hybrid optimiser that couplesparticle swarm optimisation with the neural network algorithm and a trust region polish outperformedeither metaheuristic alone by several orders of magnitude, reaching a maximum absolute error of9.300e-9 for the velocity, while the supervised Levenberg–Marquardt surrogate returned a regres-sion correlation of R = 1.000000. Across one hundred independent runs the training proved stable,with average errors held near 10−6 throughout the domain, and the attained accuracy agreed withthe certified bound. The framework is general and can be applied to other strongly coupled boundaryvalue problems in transport theory, and a natural extension is the treatment of inverse problems inwhich unknown physical parameters are recovered jointly with the fields.
Nomenclature

u, v velocity components Ha Hartmann number
x, y Cartesian coordinates Kp porosity parameter
t time Fr Forchheimer number
T temperature S squeeze number
C nanoparticle volume fraction Pr Prandtl number
h(t) channel half width Rd radiation parameter
B0 magnetic field strength Nb Brownian parameter
k1 permeability Nt thermophoresis parameter
Cb Forchheimer coefficient Sc Schmidt number
DB Brownian diffusion coefficient Hs heat source or sink parameter
DT thermophoretic diffusion coefficient η similarity variable
Q0 heat generation coefficient θ dimensionless temperature
qr radiative heat flux ϕ dimensionless concentration
f dimensionless stream function ρhnf hybrid nanofluid density
F fitness functional µhnf hybrid nanofluid viscosity
K, g Green functions σhnf hybrid nanofluid conductivity
Mk, Nk integral operator norms khnf hybrid thermal conductivity
Λ, ρ contraction modulus and spectral radius ϕ1, ϕ2 nanoparticle volume fractions
R regression correlation TIC Theil inequality coefficient
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