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1. Introduction
Alcohol misuse remains one of the heaviest burdens on global public health, and its consequencesreach far beyond the individual to families, workplaces and entire communities. Sustained heavydrinking is associated with liver disease, cardiovascular and neurological damage, mental-health dete-rioration, traffic injury, domestic violence and premature death, so that understanding how drinkinghabits spread, intensify and remit is a pressing social question. Because the onset and persistenceof drinking are strongly mediated by peer influence and social environment, the problem is naturallyamenable to the same compartmental reasoning that underlies mathematical epidemiology, a view-point developed at length in the standard accounts of Brauer et al. [1] and of Hethcote [2].Compartmental models partition a population into classes and track the flows between them, andthey have proven remarkably effective for infectious diseases as well as for behavioural epidemics suchas smoking, drug use and alcoholism. Two ideas from this tradition are central to the present work.The first is the threshold concept of the basic reproduction number, whose general definition andcomputation were placed on a firm footing by Diekmann et al. [3]. The second is the next-generationmatrix construction of Van den Driessche & Watmough [4], which provides a systematic route to thatthreshold for multi-compartment systems and which we adopt below. Within this lineage, a numberof alcohol-specific models have appeared, Li et al. [5] analysed the global dynamics of alcohol con-sumption under treatment intervention. Bhosale et al. [6] studied a fractional-order consumptionmodel that explicitly distinguishes binge Wanassi & Baleanu [7] together with Prakash et al. [8] mod-elled blood alcohol concentration through fractional operators. These studies confirm that drinkingbehaviour carries hallmarks of an epidemic process. However, most of them rest on classical integerorder derivatives, which are local in time and therefore cannot represent the cumulative, history-dependent nature of habit formation.Fractional calculus supplies precisely the missing ingredient, because fractional derivatives arenonlocal and weight the entire past of a process when determining its present rate of change. Theanalytical foundations are by now classical and are documented in the monographs of Podlubny [9],Kilbas et al. [10], and Diethelm [11]. The computational aspects are surveyed by Li & Zeng [12] andby Garrappa [13]. The broad reach of the subject across particles, fields and control is described byTarasov [14]. Its recent history is reviewed by Machado et al. [15], and its role in systems and controlis treated by Chen et al. [16]. This memory property makes fractional models a natural language forsocial and physiological phenomena in which behaviour is shaped by accumulated experience.A decisive refinement came with the operator of Atangana & Baleanu [17], whose kernel is thenon-singular Mittag-Leffler function. By replacing the singular power-law kernel of earlier definitions,this construction removes the artificial singularity at the origin and yields a more faithful descriptionof fading memory, as emphasised by Abdeljawad [18]. Efficient quadratures and integral representa-tions for the operator were developed by Djida et al. [19]. The careful comparisons among competingdefinitions were carried out by Algahtani [20], by Martinez-Fuentes & Delfin-Prieto [21], who alsoaddressed observer design, and by Sabatier [22], who scrutinised the modelling assumptions behindcontinuous kernels. The Mittag-Leffler kernel has since become a workhorse for biological and physicalsystems with memory, with stability theory and applications [23]. We also note the parallel develop-ment around the Caputo-Fabrizio operator, which was analysed for nonlinear systems by Kebede &Lakoud [24] and applied to disease spread and to breast-cancer dynamics by Kumar et al. [25] and byChavada & Pathak [26]. These works clarify the relative merits of the two non-singular kernels andmotivate our choice of the Mittag-Leffler kernel for its slower, more flexible memory decay.A further generalisation, the fractal-fractional operator introduced by Atangana [27], fuses frac-tional differentiation with fractal geometry by combining a memory order with a fractal order, so thatnonlocal memory and irregular temporal scaling are represented simultaneously. The mathematical
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theory of such operators under the Mittag-Leffler kernel was developed by Rahman [28]. Their mod-elling power was demonstrated by Chithra et al. [29] for social-media addiction and by Ahmed et
al. [30] for epidemic spread. This double flexibility is well suited to addiction, where the build-up ofdependence is neither memoryless nor uniformly paced in time.On the computational side, physics-informed neural networks have emerged as a flexible, mesh-free alternative for differential models. The framework of Raissi et al. [31] and the broader programmeof physics-informed machine learning summarised by Karniadakis et al. [32] embed the governingequations directly in the training loss, producing continuous surrogates that are attractive for inverseproblems and real-time prediction. Because classical formulations target local operators, the nonlocalfractional case requires a dedicated treatment, supplied by the fractional physics-informed networksof Pang et al. [33]. We use exactly this idea to obtain an independent, structurally different check onour deterministic solution.Despite this active and growing literature, alcohol addiction models built on the Atangana-Baleanufractal-fractional operator are still scarce, and the joint influence of memory order and fractal orderon the route to persistence or extinction of drinking has not been systematically analysed. The fewexisting alcohol models that use fractional ideas [5–8] stop short of the fractal-fractional setting, donot develop a global stability theory tailored to the Mittag-Leffler kernel, and are not cross-validatedby an independent learning-based solver. Closing this gap calls for a single framework that formulatesa behaviourally meaningful four compartment model, proves its well-posedness and stability rigor-ously, simulates it accurately, and verifies the simulation by a method that shares no discretisationphilosophy with it.The present paper provides such a framework, and our contribution is fourfold. First, we formu-late a four-compartment alcohol-addiction model in the Atangana-Baleanu-Caputo fractal-fractionalsense, with susceptible, occasional-user, regular user and recovered classes. Second, using the Volterrarepresentation of the operator and the Banach fixed point theorem [34], we prove existence anduniqueness of solutions and establish positivity and boundedness, so that the model is biologicallyadmissible. Third, we derive the equilibria and the basic reproduction number through the next-generation matrix method [3, 4] and obtain a local and global stability theory, the local analysis restingon the fractional stability criterion of Matignon [35] and the global analysis on Lyapunov functionalstogether with the invariance principle of LaSalle [36] in the spirit of the nonlinear-systems theory ofKhalil [37] and the fractional dynamic theory of Lakshmikantham et al. [38]. Fourth, we realise themodel numerically through the Atangana-Toufik product-integration scheme [39] and cross-validateit with a physics-informed neural network trained by the Levenberg-Marquardt algorithm of Hagan& Menhaj [40] and Marquardt [41], before closing with a quantitative comparison against existingalcohol models.A graphical overview of the modelling framework, from the compartmental structure through thequalitative theory to the neural-network surrogate, is given in Figure 1.
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Fig. 1. Graphical overview of the modelling framework
2. Methodology

2.1 Preliminaries

We collect the definitions and auxiliary results used throughout the paper. Unless stated other-wise, α ∈ (0, 1) denotes the fractional (memory) order and κ ∈ (0, 1] the fractal order, Γ(·) is theEuler Gamma function, and B(α) is the Atangana-Baleanu normalisation satisfying B(0) = B(1) = 1.We work on the Banach space:
X = C

(︁
[0, T ],R

)︁
, ∥x∥∞ = sup

t∈[0,T ]

|x(t)| (1)
of continuous real valued functions on [0, T ] equipped with the supremum norm.
Definition 2.1. [9] For α > 0 and z ∈ C, the one-parameter Mittag-Leffler function is:

Eα(z) =
∞∑︂
n=0

z n

Γ(αn+ 1)
(2)

It generalises the exponential function, to which it reduces when α = 1, and it is the kernel thatgoverns non-singular fractional operators.
Definition 2.2. [17] For x ∈ X and α ∈ (0, 1), the Atangana-Baleanu fractional integral is:

ABIαt x(t) =
1− α

B(α)
x(t) +

α

B(α) Γ(α)

∫︂ t

0

(t− τ)α−1 x(τ) dτ (3)
Definition 2.3. [17] For x ∈ H1(0, T ) and α ∈ (0, 1), the Atangana-Baleanu derivative in the Caputosense is:

ABCDα
t x(t) =

B(α)

1− α

∫︂ t

0

x′(τ)Eα

(︃
− α

1− α
(t− τ)α

)︃
dτ (4)
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The Mittag-Leffler kernel is nonlocal and free of singularities, which distinguishes this operatorfrom the classical Caputo derivative.

Definition 2.4. [27] Let α ∈ (0, 1) and κ ∈ (0, 1]. For a function x differentiable in the fractal sense,the Atangana-Baleanu-Caputo fractal-fractional derivative is:
ABCFFDα,κ

t x(t) =
B(α)

1− α

∫︂ t

0

d

dτκ
x(τ)Eα

(︃
− α

1− α
(t− τ)α

)︃
dτ (5)

where the fractal derivative satisfies dx(τ)
dτκ

=
1

κ τκ−1

dx(τ)

dτ
, so that the order α controls the memory

and the order κ controls the fractal temporal scaling.
Remark 2.5. [27] In the limit α→ 1 and κ→ 1 the operator of Definition 2.4 reduces to the ordinaryfirst derivative, and the fractal-fractional model formulated below collapses to its classical integer-order counterpart. The two orders therefore interpolate continuously between the memoryless, uni-formly paced description and a memory laden, fractal time description.
Lemma 2.6. [11] Let f : [0, T ]× Rn → Rn be continuous and satisfy:

∥f(t, x)− f(t, y)∥ ≤ L ∥x− y∥ (6)
for some constant L > 0 and all admissible x, y. Then the associated fractal-fractional initial-value
problem possesses a unique continuous solution in X , obtained as the limit of the Picard sequence
generated by the integral operator of Lemma 2.7.

Lemma 2.7. [17] The fractal-fractional initial value problem:

ABCFFDα,κ
t x(t) = f

(︁
t, x(t)

)︁
, x(0) = x0 (7)

is equivalent to the Volterra integral equation:

x(t) = x0 +
1− α

B(α)
κ tκ−1 f

(︁
t, x(t)

)︁
+

ακ

B(α) Γ(α)

∫︂ t

0

(t− τ)α−1 τκ−1 f
(︁
τ, x(τ)

)︁
dτ (8)

This representation is the starting point both for the existence theory and for the numerical scheme
used later.

Theorem 2.8. [34] Let (X, d) be a complete metric space and let T : X → X satisfy d(T x, T y) ≤
k d(x, y) for some k ∈ (0, 1) and all x, y ∈ X . Then T has a unique fixed point x∗ ∈ X , and the
iterates xn+1 = T (xn) converge to x∗ from any starting point x0 ∈ X .

Theorem 2.9. [35] For a fractional order system of order α ∈ (0, 1), an equilibrium is asymptotically
stable provided every eigenvalue λi of the Jacobian evaluated there satisfies | arg(λi)| > απ

2
. Since this

region contains the open left half-plane, eigenvalues with negative real part alwaysmeet the criterion.

The global stability analysis rests on two further tools. The first transfers the classical Lyapunovcalculus to the present operator, and the second is the elementary inequality that makes the resultingexpressions sign-definite.
Lemma 2.10. [Baleanu2021, 38] Let x(t) > 0 be a continuously differentiable function with a positive
constant reference value x∗, and let h(u) = u− 1− lnu. Then, for every α ∈ (0, 1) and κ ∈ (0, 1]:

ABCFFDα,κ
t

[︃
x∗ h

(︃
x(t)

x∗

)︃]︃
≤
(︃
1− x∗

x(t)

)︃
ABCFFDα,κ

t x(t) (9)
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Consequently, for a Lyapunov functionalW =

∑︁
i ci x

∗
i h(xi/x

∗
i ) with constants ci > 0, one has:

ABCFFDα,κ
t W ≤

∑︂
i

ci

(︃
1− x∗

i

xi

)︃
ABCFFDα,κ

t xi =
∑︂
i

ci

(︃
1− x∗

i

xi

)︃
Gi (10)

where Gi is the corresponding component of the vector field. The last equality lets the sign of the
fractal-fractional derivative ofW be decided by the algebraic expression on the right, which involves
only the reaction terms of the model.

Lemma 2.11. For positive numbers y1, . . . , yn whose product satisfies y1y2 · · · yn = 1, the arithmetic-
geometric-mean inequality gives:

y1 + y2 + · · ·+ yn ≥ n, equivalently n−
(︁
y1 + · · ·+ yn

)︁
≤ 0

with equality if and only if y1 = · · · = yn = 1. In particular 2− a
b
− b

a
≤ 0 for all a, b > 0, with equality

only at a = b.

Definitions 2.1-2.4, the results of Lemmas 2.6-2.7, 2.10-2.11 and Theorems 2.8-2.9 supply the analyticaltoolkit used for the formulation, the well-posedness theory and the stability analysis that follow.
2.2 Model Formulation

We now construct the alcohol-addiction model that is studied throughout the paper. At time t thetotal population N(t) is divided into four mutually exclusive compartments:
N(t) = S(t) + A1(t) + A2(t) +R(t) (11)

whose epidemiological meaning is collected in Table 1. The susceptible class S gathers individualswho do not yet drink in a problematic way. The occasional-user class A1 contains irregular drinkerswith no settled pattern. The regular-user class A2 contains habitual drinkers who face a markedlyhigher risk of alcohol-related harm. Also, the recovered class R holds those who have stopped drink-ing. The transfer mechanism between the four compartments is displayed in Figure 2. Recruitmentfeeds the susceptible class, social contact with occasional and regular drinkers drives susceptibles intooccasional use, occasional users progress to regular use, both user classes recover, and every class issubject to natural mortality while regular users carry an additional alcohol induced mortality (Figure2).

Fig. 2. Compartmental transfer diagram of the alcohol addiction model
6
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Table 1State variables of the alcohol-addiction model

Variable Interpretation
S(t) Susceptible individuals who are not problematic drinkers
A1(t) Occasional or irregular alcohol users
A2(t) Regular or habitual alcohol users at elevated risk
R(t) Recovered individuals who have ceased drinking

The population is recruited into the susceptible class at a constant rate Λ. Through social contactwith the two drinking classes, susceptible individuals begin to drink and move into the occasional-userclass at the transmission rates β1 (contact with occasional users) and β2 (contact with regular users).Occasional users escalate to regular use at the progression rate δ. Occasional and regular users aban-don drinking at the recovery rates γ1 and γ2 and enter the recovered class. Every compartment ex-periences natural mortality at rate µ, and regular users are additionally subject to an alcohol-inducedmortality at rate m. The biological meaning and baseline value of each parameter are listed in Table 2.Where two values appear, the first drives the alcohol-free regime and the second the alcohol-presentregime. Throughout we abbreviate m1 = µ+ δ+ γ1 and m2 = µ+m+ γ2 for the total outflow ratesfrom the occasional-user and regular-user classes.
Table 2Parameters of the alcohol-addiction model, with the baseline values used in thesimulations

Parameter Interpretation Baseline
Λ Recruitment rate into the susceptible class 2

β1 Transmission rate through contact with occasional users 0.005 / 0.05
β2 Transmission rate through contact with regular users 0.005 / 0.06
δ Progression rate from occasional to regular use 0.1

γ1 Recovery rate of occasional users 0.1

γ2 Recovery rate of regular users 0.1

µ Natural mortality rate 0.1

m Alcohol-induced mortality rate of regular users 0.1

To incorporate the long behavioural memory of drinking together with irregular temporal scaling,we cast the dynamics in the Atangana-Baleanu-Caputo fractal-fractional sense of Definition 2.4. Theresulting model is
ABCFFDα,κ

t S(t) = Λ− β1A1(t)S(t)− β2A2(t)S(t)− µS(t),

ABCFFDα,κ
t A1(t) = β1A1(t)S(t) + β2A2(t)S(t)−m1A1(t),

ABCFFDα,κ
t A2(t) = δA1(t)−m2A2(t),

ABCFFDα,κ
t R(t) = γ1A1(t) + γ2A2(t)− µR(t).

(12)

The fractional order α ∈ (0, 1) tunes the depth of memory carried by the Mittag-Leffler kernel, whilethe fractal order κ ∈ (0, 1] tunes the temporal scaling; by Remark 2.5, the choice α = κ = 1 returns
7
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the classical integer-order model. System (12) is augmented with the nonnegative initial conditions

S(0) = S0 > 0, A1(0) = A10 ≥ 0, A2(0) = A20 ≥ 0, R(0) = R0 ≥ 0 (13)
and is studied on the biologically feasible region Ω =

{︂
(S,A1, A2, R) ∈ R4

+ : 0 < N(t) ≤ Λ
µ

}︂, whose
invariance is established in the next section.
2.3 Numerical Scheme

To realise the model numerically we use the Atangana-Toufik product-integration scheme, a two-step Lagrange method tailored to the non-singular Mittag-Leffler kernel. Starting from the Volterraform of Lemma 2.7, we write the fractal-modified vector field as g(t,Φ) = κ tκ−1 F (t,Φ), where F isthe right-hand side of Eq. (12), so that the representation reads:
Φ(t) = Φ0 +

1− α

B(α)
g
(︁
t,Φ(t)

)︁
+

α

B(α) Γ(α)

∫︂ t

0

(t− τ)α−1 g
(︁
τ,Φ(τ)

)︁
dτ (14)

We discretise on the uniform grid tn = nh with h = T/N , and at t = tn+1 split the memory integralover the subintervals:∫︂ tn+1

0

(tn+1 − τ)α−1g
(︁
τ,Φ(τ)

)︁
dτ =

n∑︂
j=0

∫︂ tj+1

tj

(tn+1 − τ)α−1g
(︁
τ,Φ(τ)

)︁
dτ (15)

On each subinterval g is replaced by the two-point Lagrange interpolant through the nodes tj−1 and
tj:

g(τ,Φ(τ)) ≈ τ − tj−1

h
gj −

τ − tj
h

gj−1, gj = g(tj,Φj) (16)
and the two elementary integrals ∫︁ tj+1

tj
(tn+1 − τ)α−1(τ − tj−1) dτ and ∫︁ tj+1

tj
(tn+1 − τ)α−1(τ − tj) dτare evaluated in closed form by the substitution τ = tj + sh. Collecting the results and dividing thenon-local part of the operator accordingly yields, with gj = g(tj,Φj), the update

Φn+1 = Φ0 +
1− α

B(α)
gn +

αhα

B(α) Γ(α + 2)

n∑︂
j=0

(︂
Aj,n gj −Bj,n gj−1

)︂ (17)
with Lagrange weights:

Aj,n = (n+ 1− j)α(n− j + 2 + α)− (n− j)α(n− j + 2 + 2α) (18)
Bj,n = (n+ 1− j)α+1 − (n− j)α(n− j + 1 + α) (19)

and the normalisation B(α) = 1 − α + α/Γ(α). The factor κ tκ−1 is regularised to zero at t =
0, consistent with the vanishing fractal measure of the initial instant. As α → 1 and κ → 1 theiteration (17) reproduces the integer order trajectory, which we verified against a high-accuracy Runge-Kutta reference, the largest discrepancy in the terminal state remaining below 5 × 10−3 across bothscenarios.
2.4 Physics-Informed Neural Network

The deterministic scheme of the previous section establishes the dynamics through a dedicatedmarching rule. We now complement it with a mesh-free, learning-based approximation built on a
8
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physics-informed neural network, which serves two purposes. It yields a continuous surrogate of thestate trajectories that can be queried at any instant without re-running an integrator, and it providesan independent check on the numerical solution, since agreement between two methods that shareno discretisation philosophy is strong evidence that the computed trajectories are trustworthy. Clas-sical networks of this kind were devised for local operators whose residual is assembled pointwiseby automatic differentiation; because the Atangana-Baleanu operator is nonlocal, its residual is ex-pressed instead through the Volterra representation and a quadrature consistent with the memorykernel, following the fractional formulation of Pang et al. [33].Let u(t) = (S(t), A1(t), A2(t), R(t))⊤ be the state vector, approximated by a densely connectedfeed-forward network Nθ : R → R4 with trainable parameters θ, two hidden layers of twenty-fourneurons each and hyperbolic tangent activations, the scalar time input being normalised through t ↦→
t/T . To enforce the initial conditions exactly rather than approximately, the raw output is embeddedin the trial solution

ˆ︁uθ(t) = u0 +
(︁
1− e−t/τ

)︁ [︁
s⊙Nθ(t/T )

]︁
, u0 = (S0, A10, A20, R0)

⊤ (20)
where ⊙ is the Hadamard product, s ∈ R4 is a fixed output scaling vector taken from the magnitudeof the reference data and τ > 0 is a ramp constant. The gate 1−e−t/τ vanishes at t = 0, so ˆ︁uθ(0) = u0holds identically for every θ, which removes the initial condition from the optimisation and stabilisestraining.The training objective combines a data-fidelity term with a physics-residual term. For the dataterm the high resolution Atangana-Toufik solution unum of system (12) is sampled at the collocationnodes tn = nh, h = T/M . For the physics term the discrete fractal-fractional relation is enforcedthrough the same two step Lagrange rule used in Eq. (17). Writing the fractal-modified field as:

g
(︁
t, ˆ︁uθ

)︁
= κ tκ−1 F

(︁
t, ˆ︁uθ

)︁ (21)
with F the right hand side of Eq. (12), the predicted update at node n+ 1 is:

A[ˆ︁uθ]n+1 = u0 +
1− α

B(α)
gn +

αhα

B(α) Γ(α + 2)

n∑︂
j=0

(︂
Aj,n gj −Bj,n gj−1

)︂ (22)
where gj = g(tj, ˆ︁uθ(tj)) and the Lagrange weights are

Aj,n = (n+ 1− j)α(n− j + 2 + α)− (n− j)α(n− j + 2 + 2α)

Bj,n = (n+ 1− j)α+1 − (n− j)α(n− j + 1 + α)
(23)

The physics residual at node n is Rphys
n = ˆ︁uθ(tn+1) − A[ˆ︁uθ]n+1, which vanishes exactly when thenetwork satisfies the discretised governing system. The composite loss is:

L(θ) = wd

|T |
∑︂
ti∈T

⃦⃦ˆ︁uθ(ti)− unum(ti)
⃦⃦2

+
wp

M

M∑︂
n=1

⃦⃦
Rphys

n

⃦⃦2 (24)
where T is the set of training nodes and the weights wd, wp > 0 balance fidelity against physics.Since the loss (24) is a sum of squared residuals, it is minimised by the Levenberg-Marquardt al-gorithm, the standard choice for least-squares network training. Stack the weighted data and physicsresiduals into a single vector r(θ) ∈ RP , so thatL(θ) = ∥r(θ)∥2, and let J = ∂r/∂θ ∈ RP×Q be its Ja-cobian, obtained by reverse-mode differentiation through both the network and the discrete operator(22). The gradient and the Gauss-Newton approximation of the Hessian are:

∇L(θ) = 2J⊤r, ∇2L(θ) = 2
(︁
J⊤J +

∑︁
k rk∇2rk

)︁
≈ 2J⊤J (25)

9
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the second-derivative term being dropped because the residuals are small near a good fit. A pureGauss-Newton step J⊤J δθ = −J⊤r can be poorly conditioned, so Levenberg-Marquardt adds anadaptive multiple of diag(J⊤J) to the curvature matrix, and each iteration solves the damped normalequations: (︁

J⊤J + µ diag(J⊤J)
)︁
δθ = − J⊤r, θ ← θ + δθ, (26)

withµ the damping parameter. Smallµ recovers the fast Gauss-Newton step near the minimum, whilelarge µ tends to a short gradient-descent step in the ill-conditioned regime; a step is accepted onlywhen it lowers ∥r∥2, otherwise µ is raised and the step recomputed. The collocation nodes are splitinto training, validation and test subsets in the ratio 70:15 :15, training is monitored on the validationsubset, and an early-stopping rule halts the run once the validation error fails to improve for a fixednumber of epochs, so that all reported test errors are computed on nodes never used to drive theoptimisation. The configuration is listed in Table 3.
Table 3Architecture, discretisation and training hyperparameters of thephysics-informed neural network

Setting Value
Fractional order α 0.95

Fractal order κ 0.95

Time horizon T 50

Collocation nodes M + 1 121

Hidden layers (activation) 2× 24 (tanh)
Trainable parameters 748

Train / validation / test nodes 84 / 18 / 19

Data weight wd / physics weight wp 1.0 / 0.04

Optimiser Levenberg-Marquardt
Maximum epochs / early-stop patience 120 / 8

Initial-condition enforcement hard (trial solution)

3. Results and Discussion

3.1 Positivity, Boundedness and Well-Posedness

Because the state variables of system (12) represent sub-populations, a meaningful model mustkeep every trajectory nonnegative and bounded, and must admit one and only one solution for eachadmissible initial state. We establish these three properties in turn. The vector field on the right of (12)is a polynomial in the state variables, hence continuous and continuously differentiable, and thereforelocally Lipschitz on R4
+.

Theorem 3.1. For every nonnegative initial condition (13), the solution of system (12) remains nonneg-
ative for all t ≥ 0, that is, S(t) ≥ 0, A1(t) ≥ 0, A2(t) ≥ 0 and R(t) ≥ 0.

Proof. We evaluate the vector field on each face of the boundary of the nonnegative orthant R4
+and show that it never points outward. On the face S = 0 the first equation of (12) reduces to

10
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ABCFFDα,κ

t S
⃓⃓
S=0

= Λ ≥ 0, soS cannot become negative. On the faceA1 = 0, ABCFFDα,κ
t A1

⃓⃓
A1=0

=

β2A2S ≥ 0, since A2 and S are nonnegative there. On the face A2 = 0, ABCFFDα,κ
t A2

⃓⃓
A2=0

= δA1 ≥
0, and on the face R = 0, ABCFFDα,κ

t R
⃓⃓
R=0

= γ1A1+γ2A2 ≥ 0. On every boundary face the fractal-fractional derivative of the vanishing variable is nonnegative, so the vector field is directed into R4
+or is tangent to its boundary. Consequently a trajectory that starts in R4

+ cannot leave it, and all fourcomponents stay nonnegative for t ≥ 0.
Theorem 3.2. The total population N(t) satisfies lim supt→∞ N(t) ≤ Λ/µ, and the region Ω is posi-
tively invariant for system (12). In particular every solution is globally bounded and exists for all t ≥ 0.

Proof. Adding the four equations of (12) and using the linearity of the operator gives ABCFFDα,κ
t N(t) =

Λ − µ
(︁
S + A1 + A2 + R

)︁
− mA2 = Λ − µN(t) − mA2(t). Since A2(t) ≥ 0 by Theorem 3.1, theloss term mA2 is nonnegative and ABCFFDα,κ

t N(t) ≤ Λ− µN(t). Comparison with the linear equa-tion ABCFFDα,κ
t Y (t) = Λ− µY (t), whose solution decreases monotonically towards Λ/µ whenever

Y (0) > Λ/µ, yields lim supt→∞N(t) ≤ Λ/µ. Hence any trajectory that begins in Ω remains there,so Ω is positively invariant. Nonnegativity together with the uniform bound rules out finite time blowup, and the solution is therefore defined for all t ≥ 0.
We now turn to the existence and uniqueness of solutions. The argument rests on the Volterrarepresentation of Lemma 2.7 and the Banach fixed point principle of Theorem 2.8, and makes explicitthe Lipschitz constant that controls the contraction.

Theorem 3.3. Let Φ = (S,A1, A2, R)⊤ and write system (12) as ABCFFDα,κ
t Φ(t) = G(t,Φ(t)) with

the initial condition (13). On the bounded invariant region Ω the vector field G is Lipschitz in Φ, and if
the contraction constant:

Θ = L
(︃
1− α

B(α)
κT κ−1 +

ακTα+κ−1

B(α) Γ(α + 1)

)︃
(27)

satisfies Θ < 1, where L is the Lipschitz constant of G on Ω, then system (12)-(13) possesses a unique
continuous solution on [0, T ].

Proof. OnΩ every component is bounded byΛ/µ, so set k0 = Λ/µ. For two statesΦ = (S,A1, A2, R)

and ˜︁Φ = (˜︁S, ˜︁A1, ˜︁A2, ˜︁R) in Ω we estimate each component of G. For the susceptible component⃓⃓
GS(t,Φ)− GS(t, ˜︁Φ)⃓⃓ = ⃓⃓− β1(A1S − ˜︁A1

˜︁S)− β2(A2S − ˜︁A2
˜︁S)− µ(S − ˜︁S)⃓⃓. Writing A1S − ˜︁A1

˜︁S =

A1(S− ˜︁S)+ ˜︁S(A1− ˜︁A1) andA2S− ˜︁A2
˜︁S = A2(S− ˜︁S)+ ˜︁S(A2− ˜︁A2), and using the bound |Ai|, |S| ≤ k0on each variable, gives ⃓⃓GS(t,Φ)−GS(t, ˜︁Φ)⃓⃓ ≤ (︁β1k0+β2k0+µ

)︁
|S−˜︁S|+β1k0|A1− ˜︁A1|+β2k0|A2− ˜︁A2|.The occasional-user component differs from this only in sign, since GA1 = β1A1S + β2A2S −m1A1,so the same splitting yields ⃓⃓GA1(t,Φ) − GA1(t, ˜︁Φ)⃓⃓ ≤ (︁β1k0 + β2k0

)︁
|S − ˜︁S| + (︁β1k0 + m1

)︁
|A1 −˜︁A1|+ β2k0|A2 − ˜︁A2|. The last two components are affine, hence trivially Lipschitz:⃓⃓

GA2(t,Φ)− GA2(t, ˜︁Φ)⃓⃓ ≤ δ |A1 − ˜︁A1|+m2 |A2 − ˜︁A2|,⃓⃓
GR(t,Φ)− GR(t, ˜︁Φ)⃓⃓ ≤ γ1|A1 − ˜︁A1|+ γ2|A2 − ˜︁A2|+ µ|R− ˜︁R|.

Adding the four estimates and grouping the coefficients of each component distance, every differ-ence |Gi(t,Φ) − Gi(t, ˜︁Φ)| is bounded by a linear combination of |S − ˜︁S|, . . . , |R − ˜︁R|. Taking L =
max

{︁
β1k0 + β2k0 + µ, β1k0 +m1 + δ + γ1, β2k0 +m2 + γ2, µ

}︁, which depends only on the pa-
rameters and on k0 = Λ/µ, and using ∥ · ∥∞ to dominate each component distance by ∥Φ− ˜︁Φ∥∞, we
obtain the constant L > 0 for which ⃦⃦G(t,Φ) − G(t, ˜︁Φ)⃦⃦∞ ≤ L ⃦⃦Φ − ˜︁Φ⃦⃦∞. Thus, G is Lipschitz on

11
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Ω. By Lemma 2.7 the initial value problem is equivalent to the fixed-point equation Φ = T Φ, where
(T Φ)(t) = Φ(0) + 1−α

B(α)
κ tκ−1 G(t,Φ(t)) + ακ

B(α) Γ(α)

∫︁ t

0
(t − τ)α−1τκ−1G(τ,Φ(τ)) dτ . The operator

T maps the Banach space X = C([0, T ],R4) into itself. For Φ, ˜︁Φ ∈ X , we have ⃦⃦T Φ − T ˜︁Φ⃦⃦∞ ≤
1−α
B(α)

κT κ−1L∥Φ−˜︁Φ∥∞+ ακ
B(α) Γ(α)

L∥Φ−˜︁Φ∥∞ supt∈[0,T ]

∫︁ t

0
(t−τ)α−1τκ−1 dτ . Bounding τκ−1 ≤ T κ−1

inside the integral and using ∫︁ t

0
(t− τ)α−1dτ = tα/α ≤ Tα/α, together with Γ(α+1) = αΓ(α), gives⃦⃦

T Φ−T ˜︁Φ⃦⃦∞ ≤ L(︂ 1−α
B(α)

κT κ−1 + ακTα+κ−1

B(α) Γ(α+1)

)︂
∥Φ− ˜︁Φ∥∞ = Θ ∥Φ− ˜︁Φ∥∞. When Θ < 1 the map T

is a contraction on X , and Theorem 2.8 provides a unique fixed point, which is the unique continuoussolution of system (12)-(13) on [0, T ].
Remark 3.4. The memory integral in the proof has a closed form. The substitution τ = tσ turns it intoa Beta integral:∫︂ t

0

(t− τ)α−1τκ−1 dτ = tα+κ−1

∫︂ 1

0

(1− σ)α−1σκ−1 dσ = tα+κ−1B(α, κ) = tα+κ−1 Γ(α)Γ(κ)

Γ(α + κ)
(28)

which is finite for every α, κ ∈ (0, 1] since both exponents exceed−1. Using this value in place of thecoarser bound puts the contraction constant in the equivalent form:
Θ = L

(︃
1− α

B(α)
κT κ−1 +

ακΓ(κ)

B(α) Γ(α + κ)
Tα+κ−1

)︃
(29)

and on the operating range α, κ close to one, where α + κ > 1, both time factors are bounded on
[0, T ], so Θ can be driven below one by taking the horizon T small and the solution then continuedstep by step to any finite time.
3.2 Equilibria and the Basic Reproduction Number

The steady states of system (12) are obtained by setting every fractal-fractional derivative to zero,which gives the algebraic system
0 = Λ− β1A1S − β2A2S − µS,

0 = β1A1S + β2A2S −m1A1,

0 = δA1 −m2A2,

0 = γ1A1 + γ2A2 − µR

(30)

Setting A1 = A2 = R = 0 in Eq. (30) leaves Λ − µS = 0, so the model always admits the alcohol
free equilibrium E0 =

(︂
Λ
µ
, 0, 0, 0

)︂. For an alcohol-present equilibrium E∗ = (S∗, A∗
1, A

∗
2, R

∗) with
A∗

1 > 0, the third equation of (30) gives A∗
2 = (δ/m2)A

∗
1. Substituting this into the second equationand dividing by A∗

1 yields S∗(β1 + δβ2/m2) = m1, hence S∗ = m1m2

β1m2+δβ2
. The basic reproductionnumber, derived below, is:

R0 =
β1S0

m1

+
δβ2S0

m1m2

=
Λ(β1m2 + δβ2)

µm1m2

, S0 =
Λ

µ
(31)

so that S∗ = Λ/(µR0). The first equation of (30), together with the relation β1A
∗
1S

∗ + β2A
∗
2S

∗ =

m1A
∗
1, gives Λ − µS∗ − m1A

∗
1 = 0, where A∗

1 = Λ
m1

(︂
1− 1

R0

)︂, A∗
2 = δΛ

m1m2

(︂
1− 1

R0

)︂, and R∗ =

Λ
µm1

(︂
1− 1

R0

)︂(︂
γ1 +

δγ2
m2

)︂. The components A∗
1, A∗

2 and R∗ are positive precisely whenR0 > 1, so a
unique alcohol present equilibrium exists if and only ifR0 > 1.

12
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To obtainR0 we apply the next-generation matrix method to the drinking classesA1 andA2, whichalone drive transmission. The new-drinker and transfer vectors are:

F =

(︄
β1A1S + β2A2S

0

)︄
, V =

(︄
m1A1

m2A2 − δA1

)︄
.

Linearising at E0, where S = S0 = Λ/µ, gives the matrices:
F =

(︄
β1S0 β2S0

0 0

)︄
, V =

(︄
m1 0

−δ m2

)︄
, V −1 =

1

m1m2

(︄
m2 0

δ m1

)︄
.

To invert V we note that it is lower triangular with determinant detV = m1m2, so its inverse isobtained by transposing the cofactor matrix and dividing by m1m2, which produces the expressiondisplayed above. Forming the product row by row, the next-generation matrix is:
FV −1 =

1

m1m2

(︄
β1S0 β2S0

0 0

)︄(︄
m2 0

δ m1

)︄
=

1

m1m2

(︄
β1S0m2 + δβ2S0 β2S0m1

0 0

)︄
(32)

Its characteristic equation is:
det
(︁
FV −1 − λI

)︁
= λ

(︃
λ− β1S0m2 + δβ2S0

m1m2

)︃
= 0 (33)

so the eigenvalues are λ = 0 and λ = (β1S0m2 + δβ2S0)/(m1m2). The basic reproduction number isthe spectral radius, the larger of the two:
R0 = ρ

(︁
FV −1

)︁
=

β1S0m2 + δβ2S0

m1m2

=
β1S0

m1

+
δβ2S0

m1m2

(34)
which, with S0 = Λ/µ, reproduces expression (31). The decomposition R0 = R01 + R02 with
R01 = β1S0/m1 andR02 = δβ2S0/(m1m2) separates the contribution of occasional users from thatof regular users, the latter reached only after progression at rate δ; the factor δ/m2 inR02 is exactlythe fraction of occasional users who advance to the regular class before leaving it.
Theorem 3.5. The alcohol free equilibrium E0 exists for all admissible parameters. If R0 < 1 then
E0 is the only equilibrium in Ω and alcohol use cannot invade the population, whereas if R0 > 1 a
unique alcohol present equilibriumE∗ appears in the interior ofΩ and drinking persists. Lowering the
transmission rates β1, β2 or raising the recovery rates γ1, γ2 decreasesR0 and so favours elimination.

The geometry behind Theorem 3.5 is displayed in Figure 3. Panels (a) and (b) render R0 as asurface over the (β1, β2) and (β1, δ) planes, each cut by the translucent levelR0 = 1; the solid curvewhere the two meet is the critical set that separates elimination from persistence. Panels (c) to (f)trace the coordinates of the interior equilibrium over the (β1, β2) plane and show that A∗
1, A∗

2 and R∗

stay pinned at zero below the threshold and then rise from it, while S∗ falls away from the carryinglevel Λ/µ, so that the branch of persistent drinking bifurcates forward as R0 crosses one. Panel (a)shows the basic reproduction numberR0 over the (β1, β2) plane and panel (b) over the (β1, δ) plane,each pierced by the translucent unit level whose intersection with the surface (solid curve) marks thecritical setR0 = 1. Panels (c) to (f) show the coordinates of the alcohol-present equilibrium over the
(β1, β2) plane, namely the susceptible level S∗ (c), the occasional-user level A∗

1 (d), the regular-userlevelA∗
2 (e) and the recovered levelR∗ (f). Each user and recovered level vanishes below the threshold

13
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and grows continuously onceR0 exceeds one, tracing the forward transcritical bifurcation, while thesusceptible level drops from the alcohol-free carrying value.

Fig. 3. Threshold and equilibrium geometry of the model
3.3 Stability Analysis

Because the vector field of the fractal-fractional model coincides with that of the underlying integer-order system, the Jacobian is unchanged and only the stability test is read in the fractional sense ofTheorem 2.9. As the recovered class does not appear in the first three equations, it suffices to analysethe reduced system in (A1, A2, S), whose Jacobian is:

J =

⎛⎜⎜⎝
β1S −m1 β2S β1A1 + β2A2

δ −m2 0

−β1S −β2S −β1A1 − β2A2 − µ

⎞⎟⎟⎠ (35)

An equilibrium is locally asymptotically stable whenever every eigenvalue λi of (35) evaluated theresatisfies | arg(λi)| > απ/2, a condition met in particular by any eigenvalue with negative real part.We treat the two equilibria and their global counterparts in succession.
Theorem 3.6. IfR0 < 1, the alcohol free equilibrium E0 is locally asymptotically stable; ifR0 > 1 it
is unstable.

Proof. At E0 one has A1 = A2 = 0, so the entry β1A1 + β2A2 in the third column of (35) vanishesand the Jacobian takes the block-triangular form:

J(E0) =

⎛⎜⎜⎝
β1S0 −m1 β2S0 0

δ −m2 0

−β1S0 −β2S0 −µ

⎞⎟⎟⎠
14
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Because the top-right 2×1 block is zero, the characteristic polynomial factorises asdet (︁J(E0)−λI

)︁
=(︁

− µ− λ
)︁
det

(︄
β1S0 −m1 − λ β2S0

δ −m2 − λ

)︄
, so one eigenvalue is λ3 = −µ < 0 and the other two

are the roots of the quadratic determined by the leading 2×2 block M . Its trace and determinant are
trM = β1S0−m1−m2, detM = (β1S0−m1)(−m2)− β2S0 δ = m1m2−

(︁
β1S0m2 + δβ2S0

)︁
,

and since R0 = (β1S0m2 + δβ2S0)/(m1m2) the determinant is detM = m1m2(1 − R0). The tworemaining eigenvalues therefore solve λ2−(trM)λ+detM = λ2+
(︁
m1+m2−β1S0

)︁
λ+m1m2

(︁
1−

R0

)︁
= 0. When R0 < 1 the constant term m1m2(1 − R0) is positive, and the relation β1S0 =

m1R01 ≤ m1R0 < m1 makes the linear coefficient m1 +m2 − β1S0 positive as well; by the Routh-Hurwitz test for a quadratic both roots then have negative real part, so all three eigenvalues satisfythe Matignon condition | arg λi| > απ/2 and E0 is locally asymptotically stable. When R0 > 1 theconstant term is negative, so the quadratic has one positive and one negative real root; the positiveroot violates the Matignon condition and E0 is unstable.
Theorem 3.7. Let R0 > 1 and let q∗ = β1A

∗
1 + β2A

∗
2. If the Routh-Hurwitz condition a1a2 > a3

holds for the characteristic coefficients given below, then the alcohol present equilibrium E∗ is locally
asymptotically stable.

Proof. Writing q∗ = β1A
∗
1 + β2A

∗
2, the Jacobian (35) evaluated at E∗ is:

J(E∗) =

⎛⎜⎜⎝
β1S

∗ −m1 β2S
∗ q∗

δ −m2 0

−β1S
∗ −β2S

∗ −q∗ − µ

⎞⎟⎟⎠
and its characteristic polynomial isλ3+a1λ

2+a2λ+a3 = 0witha1 = − tr J(E∗), a2 =∑︁(principal 2×
2 minors), and a3 = − det J(E∗). Throughout we use the interior-equilibrium identity obtained fromthe second and third equations of (30):

β1S
∗ +

δβ2S
∗

m2

= m1, equivalently m1 − β1S
∗ =

δβ2S
∗

m2

(36)
For the first invariant, a1 = −

(︁
β1S

∗ − m1 − m2 − q∗ − µ
)︁
= m2 + µ + q∗ +

(︁
m1 − β1S

∗)︁ =

m2+µ+ q∗+ δβ2S∗

m2
, where the last step used (36). For the constant term we expand det J(E∗) alongthe third column; the cofactor multiplying−q∗ − µ is the minor:
det

(︄
β1S

∗ −m1 β2S
∗

δ −m2

)︄
= m1m2 −

(︁
β1S

∗m2 + δβ2S
∗)︁ = 0

which vanishes by (36), so only the q∗ entry contributes and a short computation gives det J(E∗) =
−m1m2q

∗, whence a3 = m1m2q
∗. The middle coefficient is the sum of the three principal 2 × 2minors; the minor on rows and columns {1, 2} vanishes by the same identity, while the other twogive m1q

∗ + µ δβ2S
∗/m2 and m2q

∗ +m2µ. Adding them and clearing the denominator a2 = m1q
∗ +

m2q
∗+m2µ+ µ δβ2S∗

m2
=

δµβ2S∗+δq∗β2S∗+m2
2µ+m2

2q
∗+m2q∗β1S∗

m2
, the second form following from m1m2 =

β1S
∗m2 + δβ2S

∗. For R0 > 1 the equilibrium components A∗
1, A

∗
2, R

∗ are positive, so q∗ > 0 andeach of a1, a2, a3 is a sum of positive terms; in particular a1, a3 > 0. The Routh-Hurwitz criterion for acubic then guarantees that all three roots have negative real part precisely when a1a2 > a3, in whichcase | arg(λi)| > απ/2 for every eigenvalue and E∗ is locally asymptotically stable.
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Local analysis is now strengthened to global statements by means of Lyapunov functionals builtfrom the function h(x) = x − 1 − lnx, which is nonnegative on (0,∞) and vanishes only at x = 1.The invariance principle of LaSalle then upgrades a nonpositive derivative to global attraction.

Theorem 3.8. IfR0 < 1, the alcohol-free equilibrium E0 is globally asymptotically stable in Ω.

Proof. Write D := ABCFFDα,κ
t and consider W1 = S0 h

(︂
S
S0

)︂
+ A1 + LA2 and L = β2S0

m2
, which

is positive definite with respect to E0 because h ≥ 0 and A1, A2 ≥ 0. Applying Lemma 2.10 to thelogarithmic term and using that A1 and A2 enter linearly:
DW1 ≤

(︃
1− S0

S

)︃
DS +DA1 + LDA2 =

(︃
1− S0

S

)︃
GS + GA1 + LGA2

where GS,GA1 ,GA2 are the corresponding right-hand sides of (12). Inserting Λ = µS0, the susceptiblecontribution splits as:(︃
1− S0

S

)︃(︁
µS0 − µS − (β1A1 + β2A2)S

)︁
= −µ(S − S0)

2

S
+ (β1A1 + β2A2)(S0 − S)

where the first piece used µ(1−S0/S)(S0−S) = −µ(S−S0)
2/S. Adding GA1 = (β1A1+β2A2)S−

m1A1 andLGA2 = L(δA1−m2A2), the two terms±(β1A1+β2A2)S cancel andDW1 ≤ −µ(S−S0)2

S
+

A1

[︁
β1S0−m1 +Lδ

]︁
+A2

[︁
β2S0−Lm2

]︁. The choice L = β2S0/m2 annihilates the A2 bracket, while
β1S0 + δβ2S0/m2 = m1R0 gives β1S0 − m1 + Lδ = m1(R0 − 1), so that, rewriting the quadratic
piece in symmetric form DW1 ≤ µS0

(︂
2− S0

S
− S

S0

)︂
+m1A1(R0 − 1). The first term is nonpositive

by Lemma 2.11 applied to a = S, b = S0, and the second is nonpositive becauseR0 < 1 and A1 ≥ 0.Hence DW1 ≤ 0, with equality only when S = S0 and A1 = A2 = 0. The largest invariant seton which DW1 = 0 is therefore the singleton {E0}, and by the LaSalle invariance principle everytrajectory in Ω converges to E0, which is globally asymptotically stable.
Theorem 3.9. If R0 > 1, the alcohol present equilibrium E∗ is globally asymptotically stable in the
interior of Ω.

Proof. Again write D := ABCFFDα,κ
t and take the Lyapunov functional W = S∗h

(︁
S
S∗

)︁
+A∗

1h
(︂

A1

A∗
1

)︂
+

LA∗
2h
(︂

A2

A∗
2

)︂ andL =
β2A∗

2S
∗

δA∗
1

, which is positive definite aboutE∗ forS,A1, A2 > 0, since h(u) ≥ 0with
equality only at u = 1. Applying Lemma 2.10 to each logarithmic term bounds the fractal-fractional
derivative byDW ≤

(︁
1− S∗

S

)︁
GS+

(︂
1− A∗

1

A1

)︂
GA1+L

(︂
1− A∗

2

A2

)︂
GA2 , withGS,GA1 ,GA2 the right-hand

sides of Eq. (12). We now eliminate the parameters in favour of the equilibrium coordinates throughthe relations read off from Eq. (30):
Λ = β1A

∗
1S

∗ + β2A
∗
2S

∗ + µS∗, m1A
∗
1 = β1A

∗
1S

∗ + β2A
∗
2S

∗, m2A
∗
2 = δA∗

1,

the last of which turns the weight into L = β2A
∗
2S

∗/(m2A
∗
2) = β2S

∗/m2. Substituting these into thethree products and expanding, the terms linear in S,A1, A2 that carry the raw parameters cancel inpairs, and the surviving expression regroups exactly into DW ≤
(︁
2− S

S∗ − S∗

S

)︁ (︁
µS∗ + β1A

∗
1S

∗)︁ +
β2A

∗
2S

∗
(︂
3− S∗

S
− A∗

1A2S

A1A∗
2S

∗ − A1A∗
2

A∗
1A2

)︂. In the first bracket S
S∗ · S

∗

S
= 1, and in the second bracket the

three fractions multiply to one as well; both are therefore of the form n −
∑︁

i yi with yi > 0 and∏︁
i yi = 1, so Lemma 2.11 makes each nonpositive. Since the prefactors µS∗ + β1A

∗
1S

∗ and β2A
∗
2S

∗

are positive, DW ≤ 0, with equality only at S = S∗, A1 = A∗
1 and A2 = A∗

2. The only invariant seton which DW = 0 is {E∗}, so the LaSalle invariance principle shows that E∗ attracts every interiortrajectory of Ω and is globally asymptotically stable.
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3.4 Numerical Simulations

All simulations use the baseline parameters of Table 2 and the initial state S(0) = 20, A1(0) = 5,
A2(0) = 3, R(0) = 0. The alcohol-free regime takes β1 = β2 = 0.005, for which R0 = 0.444 < 1,while the alcohol-present regime takes β1 = 0.05, β2 = 0.06, for which R0 = 4.667 > 1. Theoccasional user and regular user classes decay to zero while the susceptible class approaches Λ/µ, sothe trajectory converges to the alcohol free equilibrium. Figure 4 shows that in the alcohol free regimeboth drinking classes decay to zero and the population settles at E0, in agreement with Theorem 3.6and Theorem 3.8.

Fig. 4. Alcohol free regime withR0 = 0.444 < 1

Figure 5 shows the alcohol-present regime, in which the occasional user class overshoots beforethe trajectory relaxes onto the interior equilibrium E∗ ≈ (4.29, 5.24, 1.75, 6.98), matching Theorem3.7 and Theorem 3.9. After an initial transient the four compartments stabilise at the interior alcoholpresent equilibrium, confirming persistence of drinking above the threshold.

Fig. 5. Alcohol-present regime withR0 = 4.667 > 1

The memory and fractal time effects are isolated in Figure 6 and Figure 7. Lowering the fractionalorder α lengthens the memory carried by the kernel and slows the approach of the occasional-user
17
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class to its steady level, as seen in Figure 6. Smaller values of α deepen the memory and delay con-vergence, illustrating the nonlocal character of the Atangana-Baleanu kernel.

Fig. 6. Effect of the fractional order α on the occasional-user class A1(t)

Varying the fractal order κ reshapes the transient of the regular-user class through the fractal timescale, as seen in Figure 7. Changes in κ alter the transient through the fractal time structure whileleaving the eventual equilibrium unchanged.

Fig. 7. Effect of the fractal order κ on the regular user class A2(t)

The joint dynamical behaviour is summarised by the three-dimensional phase portrait of Figure8, in which trajectories from the chosen initial state spiral onto the attracting equilibrium. The trajec-tory issuing from the initial state is attracted to the equilibrium, visualising the stability establishedanalytically.
18
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Fig. 8. Three dimensional phase portrait in the (S,A1, A2) space
Finally, the combined dependence on time and on the two orders is rendered as surfaces in Figure9 and Figure 10. Figure 9 traces the occasional-user class over the time α plane.

Fig. 9. Surface of the occasional user class A1(t) over the time α plane, showing the monotoneinfluence of the fractional order on the transient
Figure 10 traces the regular-user class over the timeκplane. Figure 9 and Figure 10 confirm that the
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orders modulate the transient amplitude and pace without altering the qualitative outcome dictatedbyR0.

Fig. 10. Surface of the regular-user class A2(t) over the time κ plane, showing how the fractal orderreshapes the transient evolution
A wider view of the same mechanism is assembled in Figure 11, which places the response of everycompartment beside the two orders on one plate.

Fig. 11. Response surfaces of the compartmental model over the memory order α and the fractalorder κ in the alcohol-present regime
20
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In Figure 11, reading the memory panels (a) to (d), a smaller α deepens the tail of the Mittag-Lefflerkernel and drags the susceptible, occasional-user, regular-user and recovered curves more slowly to-ward their limits; reading the fractal panels (e) and (f), a smaller κ compresses or stretches the earlytime scale and reshapes the height and timing of the occasional-user overshoot and the regular-userrise. In every panel the ridge that the trajectory settles onto at large t is the same equilibrium fixedby R0, so the two orders govern the route rather than the destination. Panels (a) to (d) hold thefractal order at unity and sweep the memory order α ∈ [0.80, 1] for the susceptible class S(t) (a), theoccasional-user classA1(t) (b), the regular-user classA2(t) (c) and the recovered classR(t) (d). Panels(e) and (f) hold the memory order at unity and sweep the fractal order κ ∈ [0.80, 1] for the occasional-user class A1(t) (e) and the regular-user class A2(t) (f). Lowering either order lengthens the transientand delays the settling of each class, whereas the terminal level dictated byR0 is preserved.

3.5 Neural-Surrogate Results

Two regimes are studied, mirroring the threshold behaviour of R0. The first uses β1 = β2 =
0.005, for whichR0 = 0.444 and the trajectories relax to the alcohol-free state, and the second uses
β1 = 0.05, β2 = 0.06, for which R0 = 4.667 and the trajectories develop a pronounced transientbefore settling at E∗ ≈ (4.29, 5.24, 1.75, 6.98). The remaining parameters and the initial state matchthe simulations above. The converged accuracy for both regimes is reported in Table 4. The mean-squared error is reported at the best-validation epoch, while the remaining statistics are computedover all collocation nodes against the numerical target.

Table 4Converged accuracy of the physics-informed neural network
Metric Regime 1 Regime 2
Basic reproduction numberR0 0.444 4.667

Best-validation epoch 119 36

Training MSE 2.85× 10−6 3.72× 10−4

Validation MSE 2.60× 10−6 6.64× 10−4

Test MSE 1.74× 10−6 2.91× 10−4

Physics-residual MSE 8.94× 10−3 1.92× 10−1

Overall RMSE 1.62× 10−3 2.01× 10−2

Overall MAE 1.14× 10−3 1.12× 10−2

Maximum (L∞) error 9.77× 10−3 1.06× 10−1

Regression coefficient R 1.000000 0.999978

Regression slope 1.00000 0.99885

The training is documented through a standard diagnostic suite. The training-state histories in Fig-ure 12 and Figure 13 show the gradient norm falling by several orders of magnitude while the dampingparameter adapts and the validation check counter rises only near the end of the run.
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Fig. 12. Training state history for the alcohol free regime, showing the gradient norm, theLevenberg-Marquardt damping parameter and the validation-check counter against epoch

Fig. 13. Training-state history for the alcohol present regime, with early stopping triggered once thevalidation error stagnates
The performance curves in Figure 14 and Figure 15 confirm that the training, validation and testerrors decay together with no sign of overfitting, the best-validation epoch being marked on each
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curve.

Fig. 14. Mean-squared-error performance for the alcohol-free regime; training, validation and testerrors against epoch with the best-validation epoch marked

Fig. 15. Mean-squared-error performance for the alcohol-present regime; training, validation andtest errors against epoch with the best-validation epoch marked
The statistical quality of the residuals is examined next. The error autocorrelations in Figure 16 andFigure 17 are sharply peaked at zero lag and lie within or close to the ninety-five percent confidenceband elsewhere, reflecting small, smoothly distributed residuals.
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Fig. 16. Error autocorrelation for the alcohol-free regime, shown with the ninety-five percentconfidence bounds

Fig. 17. Error autocorrelation for the alcohol-present regime, shown with the ninety-five percentconfidence bounds
The input error cross-correlations in Figure 18 and Figure 19 remain near the confidence band,indicating little systematic dependence of the residual on the time input.
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Fig. 18. Input-error cross-correlation for the alcohol-free regime, shown with the ninety-five percentconfidence bounds

Fig. 19. Input error cross-correlation for the alcohol-present regime, shown with the ninety-fivepercent confidence bounds
The error histograms in Figure 20 and Figure 21 are tightly concentrated about zero for the training,validation and test partitions alike.
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Fig. 20. Error histogram for the alcohol-free regime over the training, validation and test partitions,with the zero-error line indicated

Fig. 21. Error histogram for the alcohol-present regime over the training, validation and testpartitions, with the zero-error line indicated
The agreement between the surrogate and the numerical solution is quantified by the regressionplots in Figure 22 and Figure 23 and visualised in the time-series reconstructions of Figure 24 and Fig-ure 25. Network output superimposed on the numerical target for all four compartments, with thepointwise error in the lower panel (Figure 24 and Figure 25). The regression coefficients are essentiallyunity, and the data collapse onto the line of perfect fit across all partitions. The reconstructed trajec-tories are indistinguishable from the target within the plotted error bands, both for the monotonerelaxation of the alcohol-free regime and for the sharp overshoot of the occasional-user class in thealcohol-present regime. The network therefore captures the memory-driven, fractal-time dynamicsfaithfully and acts as an accurate, continuous and independently validated solver.
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Fig. 22. Regression of network output against numerical target for the alcohol-free regime, for thetraining, validation, test and combined sets with the best-fit and reference lines

Fig. 23. Regression of network output against numerical target for the alcohol-present regime, forthe training, validation, test and combined sets with the best-fit and reference lines
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Fig. 24. Time-series reconstruction for the alcohol-free regime

Fig. 25. Time-series reconstruction for the alcohol-present regime
The dynamical and learning pictures are brought together in Figure 26. Its first two panels launch
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orbits from a spread of admissible initial states and project them onto the (S,A1, A2) subspace: abovethreshold every orbit is captured by the interior equilibrium E∗, and below threshold every orbit isdrawn to the alcohol-free state E0, so the global stability proved in Theorems 3.8 and 3.9 is seento hold from many starting points rather than a single one. The third panel lifts the surrogate errorinto three dimensions, plotting the absolute deviation of the network from the numerical target foreach compartment across the horizon; the ribbons stay close to the floor throughout and swell onlyduring the early transient, which is where the fractal-fractional memory is most active. Panels (a) and(b) project trajectories launched from a spread of initial states onto the (S,A1, A2) subspace: in thealcohol-present regime (a) every orbit is attracted to the interior equilibrium E∗ (star), while in thealcohol-free regime (b) every orbit collapses onto E0 (star), so both attractors are reached from alladmissible data. Panel (c) plots the absolute error of the network surrogate against time for eachcompartment in the alcohol-present regime, the ribbons remaining small over the whole horizon andrising only through the initial transient.

Fig. 26. Phase-space geometry and the three-dimensional distribution of the surrogate error
3.6 Comparison with Existing Approaches

It is useful to position the present framework against the main lines of work on alcohol and re-lated behavioural-epidemic models. Classical formulations in the spirit of the epidemiological textsof Brauer et al. [1] and Hethcote [2] use integer-order derivatives, which are local in time and there-fore treat the present rate of change as independent of the drinking history. They capture thresholdbehaviour throughR0 but cannot represent the cumulative nature of habit formation. Fractional al-cohol models based on the singular power-law Caputo kernel, such as the blood-alcohol studies ofPrakash et al. [8] and of Wanassi & Baleanu [7], introduce true memory but inherit a kernel singularityat the origin. Models built on the Caputo-Fabrizio operator, analysed for nonlinear systems by Kebede& Lakoud [24] and applied to disease and cancer dynamics by Kumar et al. [25] and by Chavada &Pathak [26], remove that singularity through an exponential kernel but provide a faster, less flexiblememory decay than the Mittag-Leffler kernel and do not encode fractal temporal scaling. Atangana-Baleanu models with the Mittag-Leffler kernel, including the freelance dynamics of Khan et al. [23],supply non-singular memory but, in their purely fractional form, still lack a fractal order. The fractal-fractional operator of Atangana [27], used for social-media addiction [29] and for epidemic spread[30], restores that missing degree of freedom. The recent binge-drinking model of Bhosale et al. [6]confirms the growing interest in fractional descriptions of drinking. Table 5 places these strands sideby side.Three features distinguish the present study within this body of work. First, it couples non-singularMittag-Leffler memory with a fractal order in a single alcohol-addiction model, so that the depth of
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Table 5Qualitative comparison of the present framework with representative modellingapproaches for alcohol and related behavioural dynamics

Approach Non-singular Memory Fractal Global Neural
kernel order stability check

Integer-order models [1, 2] no no no partial no
Caputo fractional [7, 8] no yes no partial no
Caputo-Fabrizio [24–26] yes yes no partial no
ABC fractional [23] yes yes no partial no
Fractal-fractional [29, 30] yes yes yes partial no
This work yes yes yes yes yes

memory and the pace of fractal time are tuned independently through α and κ. Second, it developsa detailed qualitative theory for that model, comprising positivity, boundedness, an explicit existenceand uniqueness result, the next-generation derivation ofR0, and both local and global stability of thetwo equilibria, whereas many fractal-fractional studies stop at well-posedness and simulation. Third,it cross-validates the deterministic solver with a physics-informed neural network that embeds thediscrete fractal-fractional residual in its loss, an independent corroboration that, to our knowledge,has not previously accompanied alcohol-addiction models of this type. Taken together these elementsgive a framework that is at once more general in its operator, wider in the analysis it develops and morethoroughly verified than the approaches summarised in Table 5.
4. Conclusions

This research proposed and analysed a four-compartment alcohol-addiction model formulated inthe Atangana-Baleanu-Caputo fractal-fractional sense, in which the non-singular Mittag-Leffler kernelcarries the behavioural memory of drinking and a fractal order captures irregular temporal scaling.The classical integer-order description is recovered as the orders tend to one, so the model is a truegeneralisation rather than a reparametrisation.The qualitative theory of the model has been worked out in detail. A contraction argument basedon the Volterra representation and the Banach fixed-point principle yields existence and uniquenessof solutions, and positivity together with boundedness confine every trajectory to a biologically mean-ingful invariant region. The alcohol-free and alcohol-present equilibria are obtained in closed form,the basic reproduction numberR0 follows from the next-generation matrix, and the stability analysisshows that the alcohol-free state is locally and globally asymptotically stable when R0 < 1, while aunique alcohol-present state emerges and is locally and globally asymptotically stable whenR0 > 1.The thresholdR0 thus governs the elimination or persistence of drinking, and the expression derivedhere identifies the transmission and recovery rates as the natural levers for intervention.The analytical predictions were confirmed numerically through an Atangana-Toufik product-inte-gration scheme, which also revealed how the fractional and fractal orders reshape the transient with-out altering the eventual outcome dictated by R0. As an independent, mesh-free corroboration,a physics-informed neural network was trained for both regimes; embedding the discrete fractal-fractional operator in its loss and optimising with a Levenberg-Marquardt scheme, it reproduced thecompartmental trajectories with sub-percent root-mean-square error and near-perfect regression,
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supported by a broad suite of training diagnostics. The agreement between two methods that shareno discretisation philosophy reinforces confidence in the computed dynamics.Several extensions are natural. The framework can be enriched with optimal control of preventionand treatment, with stochastic perturbations, time delays, age structure or spatial diffusion, and it canbe calibrated against epidemiological and sociological data so that the orders α and κ are estimatedrather than prescribed. Each of these directions would sharpen the model as a practical instrumentfor designing and evaluating alcohol-intervention policy.
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