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valued objects serve as higher-order entities. This paper develops a unified frame-
Keywords: work for extending five widely used graph models—factor graphs, signal flow graphs,
Superhypergraph; Hypergraph; Factor graph; control flow graphs, dataflow graphs, and PERT/CPM networks—to hypergraphs and
Signal flow graph; Control flow graph; Dataflow superhypergraphs. For each model, we present a uniform lifting principle, formal
graph; PERT/CPM definitions of the corresponding hypergraph and n-superhypergraph structures, and
illustrative examples showing how multi-way interactions and hierarchical depen-
dencies can be represented. We also establish that the classical graph models are
embedded as special cases of the proposed frameworks. These constructions pro-
vide a theoretical foundation for multi-level dependency modeling across inference,
dynamical systems, program analysis, streaming computation, and project schedul-
ing, with computational implementation and empirical validation remaining direc-
tions for future research.

1. Introduction
1.1 From Graphs to SuperHyperGraphs

Traditional graphs model pairwise relations by representing entities as vertices and their interac-
tions as edges. Hypergraphs extend this framework by allowing a single hyperedge to connect an arbi-
trary nonempty subset of vertices, thereby capturing genuine higher-order interactions [1-3]. Related
extensions, such as Fuzzy HyperGraphs [4—6], have also been extensively studied. SuperHyperGraphs
go one step further: by iterating the powerset construction, set-valued objects formed at one level
may be treated as vertices at the next, producing a nested, multi-level network that naturally encodes
hierarchical or embedded dependencies [7-9]. This layered formalism therefore provides a unified
language for modeling and analyzing complex systems whose relationships are not purely pairwise
and whose structure is inherently multi-level [10, 11].
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Table 1 summarizes the key distinctions among graphs, hypergraphs, and superhypergraphs. Through-
out this book, n denotes a natural number unless stated otherwise.

Table 1

Key distinctions among graph, hypergraph, and superhypergraph

Concept Notation Edge Type Extension Mechanism

Graph [12] G=(V,E) E C {{u,v} | u,v € V, u# v} Standard edges connect ex-
actly two vertices.

Hypergraph [13] H=(V,E) ECPWV)\{0} Hyperedges may join any
nonempty subset of ver-
tices.

Superhypergraph [14] SHG™ = (V,V,E) V CP*(Vp), E CP(V) Applies an n-fold power-

set construction to encode
nested structure.

Notation. P(X)={A|AC X}and P°(X) = X, P**(X) = P(P*(X)).

1.2 Graph Paradigms Across Disciplines
Graph-based abstractions appear throughout science and engineering. In this paper we focus on
five canonical paradigms that repeatedly arise in practice:

¢ Factor graphs: bipartite graphs that connect variable nodes to factor nodes, expressing a global
function as a product of local factors [15-17].

¢ Signal flow graphs: directed graphs in which nodes represent signal variables and weighted
edges represent gains, enabling systematic derivation of transfer functions [18, 19].

¢ Control flow graphs: directed graphs whose vertices correspond to basic blocks and whose
edges represent possible transfers of control, forming a core tool in program analysis, optimiza-
tion, and testing [20, 21].

¢ Dataflow graphs: directed graphs in which vertices are computational actors and edges are
token channels, capturing data dependencies for parallel execution and scheduling [22-24].

¢ PERT/CPM networks: directed acyclic graphs with events as vertices and activities as edges,
supporting critical-path analysis and project scheduling [25].

1.3 Our Contributions

We show how each of the above paradigms can be lifted in a systematic way to the settings of
hypergraphs and superhypergraphs. For every model, we (i) define a corresponding hypergraph for-
malism, (ii) introduce an n-SuperHyperGraph extension that captures hierarchical structure, and (iii)
provide concrete examples demonstrating the additional expressiveness afforded by hyperedges and
supervertices. These constructions yield a unified foundation for structured, multi-level dependency
modeling across a broad range of applications.

2. Preliminaries

Unless stated otherwise, all graphs in this paper are assumed to be finite and simple. This section
fixes notation and recalls the basic definitions needed in the sequel; for further background, we refer
to the cited references.
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2.1 Hypergraphs and SuperHyperGraphs

Hypergraphs extend ordinary graphs by allowing a single edge to connect an arbitrary number
of vertices, thereby capturing higher—order interactions [26]. SuperHyperGraphs generalize this idea
by iterating the powerset construction, which enables nested, multi-level vertex and edge objects and
thus supports hierarchical dependencies [27, 28]. Such frameworks have been used in diverse settings,
including molecular modeling, network analysis, and signal processing [29, 30].

Definition 2.1 (Base set). A base set is a nonempty finite set .S. All subsequent constructions are built
from S.

Definition 2.2 (Powerset). The powerset of S, denoted P(S), is the set of all subsets of S (including
0):
PS) = {A|ACS}.

Definition 2.3 (Hypergraph). [13, 31] A hypergraph is a pair H = (V, E) consisting of
¢ afinite vertex set /, and
* afinite family £ C P(V) \ {0} of nonempty subsets of V, called hyperedges.
Thus, unlike an ordinary graph, a hyperedge may join any number of vertices.

Definition 2.4 (Iterated powerset). [32, 33] For k& > 0, define the iterated powersets of S recursively
by
PY(S) =S, PkH(S) = 73(77’“(5)).

Hence Pk(S) is obtained by applying the powerset operator k times.

Definition 2.5 (n-SuperHyperGraph). [14, 34] Letn > 1andlet S be a base set. Ann-superhypergraph
is a pair
SHG™ = (V,E), V CPYS), ECPV)\{0}.

Elements of V' are called n-supervertices, and elements of E are called n-superedges. Intuitively, su-
pervertices are set-valued objects at level n, and superedges relate collections of such objects, thereby
enabling nested and hierarchical connectivity.

Example 2.6 (Corporate hierarchy as a 3-SuperHyperGraph). Let the base set S = 1}, consist of eight
employees:
Vo = {Alice, Bob, Carol, Dave, Eve, Frank, Grace, Hank}.

Level 1 (teams). Form three project teams:
Tsev = {Alice, Bob, Carol}, T, = {Dave, Eve, Frank}, Ties = {Grace, Hank}.
Then
‘/1 - {TdewTopSa,I'sales} g P(Vb)

Level 2 (departments). Group teams into departments:

Deng - {Tdev; Tops}a Dmkt = {Tsales}a

so that
‘/2 - {DengaDmkt} g 732(‘/0)
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Level 3 (divisions). Define divisions as sets of departments:

Anorth = {Deng}> Asouth = {Dmkt}a AaII - {Denga Dmkt}>

and set
VES = {Anortha Asoutha Aall} g P3(%)

Superedges. At the top level, company-wide coordination involves both divisions; we encode this
by the superedge
By = {Aa} € P(Vs).

Therefore,
SHG® = (V3, F3)

is a 3-superhypergraph (Definition 2.5) encoding the four-tier hierarchy
employees — teams — departments — divisions.

Figure 1 summarizes the structure of this example.

Vo (employees) Vi (teams) V5 (departments) V3 (divisions)
— Thev
Dey, Anorth
g

{Tdev: Tops} {Deng}

' . Tops T :
*{ {Dave, Eve, Frank} 1 :

superedge F3 = {Aq}

................... P N Teits Dkt Asouth
............................ Grace rranky o .

Fig. 1. A corporate hierarchy encoded as a 3-SuperHyperGraph (Example 2.6). Dotted arrows indicate
membership V; — V3, solid arrows indicate aggregation across levels, and the top-level superedge is
E3 = {Aa}.

3. Factor Graphs and Their Extensions

Factor graphs provide a standard bipartite representation of a product decomposition, linking vari-
able nodes to factor nodes so that a global nonnegative function factors into a product of local terms
(cf. [15-17]). In this section, we recast factor graphs within the broader settings of hypergraphs and
superhypergraphs, which naturally support multi-way and hierarchical dependencies.

Definition 3.1 (Factor graph). (cf. [15, 16]) A factor graph consists of

¢ two finite disjoint sets V and F, called the sets of variable nodes and factor nodes, respectively,
e asetofedges E C V x F (sothe underlying graph is bipartite), and
e for each v € V, a nonempty domain X, and for each f € F|, a factor function

©f : An(p) = R, N(f)={veV:(v,f)e E}#0,

where Xs =[] .o X, forany S C V.

veES
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The associated global function ® : Xy — Rxq is

O(x) = H gof(mN(f)), x € Xy.
feF

Example 3.2 (3-bit parity code as a factor graph). Let the variable set be V' = {x1, x5, x3, x4}, with
X, = {0, 1} for each i. Introduce two parity-check factors F' = { f1, f2} with scopes

N(f1) = {x1, 22, 23}, N(fs) = {xa, 23, 24}.

Define
L, Z z, =0 (mod 2),
er(@ngy) = veN(f:) i=1,2.
0, otherwise,

The edge setis £ = {(v, f) € V x F': v € N(f)}. Then the global function is
(I)<LU1, X2, T3, .T4) = Sofl (:Ula Zo, I’g) 90f2 (Z’Q, Z3, SU4>,
which enforces both parity constraints simultaneously.

Definition 3.3 (Factor hypergraph). A factor hypergraph is a triple

H = (V7g?{we}665)a

where V is a finite set of variables, £ is a finite family of nonempty subsets of V' (i.e., hyperedges;
allowing repetition if different factors share the same scope), and each hyperedge ¢ € & carries a
factor function

Ve : X, = R, X =[]

vee

The associated global function ¥ : &y — R is

U(z) = H¢e(xe), x € Xy.

eef

Example 3.4 (3-bit parity code as a factor hypergraph). With V' = {x, x, x3, 24} as in Example 3.2,
take the hyperedge family

E ={e1, e}, er = {x1, 29,3}, ey = {x9, 13,14}
Set 1), == @y, forv = 1,2, viewing ¢y, as a function on A,,. Then
(1, 2, T3, 24) = Ve, (T1, T2, T3) Ve, (T2, T3, T4)
coincides with .

Theorem 3.5 (Factor hypergraphs underlie hypergraphs). Let H = (V, &, {1 }cce) be a factor hyper-
graph. Then (V,£) is an (undirected) hypergraph in the sense of Definition 2.3.

Proof. By Definition 3.3, each e € £ is a nonempty subset of V, i.e., € C P(V) \ {0}. Hence (V. &) is
a hypergraph. L]
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Theorem 3.6 (Factor graphs embed into factor hypergraphs). Let G = (V, F, E,{¢} rer) be a factor
graph as in Definition 3.1. Define a factor hypergraph

H= (‘/a 87 {we}eeg)

by indexing hyperedges by factors:
E={e:fel}, e=N)CV, b, =0y
Then the global functions coincide: ¥ = ® on X),.
Proof. Foreach f € F, the neighborhood N(f) is nonempty, so e; = N(f) is a valid hyperedge. For

any z € Xy,
U(z) = [ [welwe) = [T v, (2e)) = [ ] 0s(enip) = 2(2).

ecf fer fer
[

Definition 3.7 (Factor n-superhypergraph). Let V; be a finite set of atomic variables, and let each
v € Vj take values in a nonempty domain X,. For k > 0, define iterated powersets by

PUVo) =Vo, P (Vo) = P(PH(W0)).
Define a flattening map b : P™(Vy) — P(Vy) recursively by
() ={v} weV),  b(A) =) (A€ P (1))
uceA

A factor n-superhypergraph is a triple

Fn) — (Vm E,, {foe}eeEn)v

where V,, C P"(V,) is a set of n-supervertices, E,, C P(V,) \ {0} is a set of n-superedges, and each
e € F, is equipped with a factor function

Ve : Xye) = R, b(e) == U b(U) C V, Kooy = H X,.

Uce veb(e)

The induced global function ¥ : &y, — R is

\I/(ZE) = H I/JG(JZb(e)), T € XVO-

eeFEy,

Example 3.8 (3-bit parity code as a factor 1-superhypergraph). Let Vy = {21, 29, x3, 24} With X, =
{0,1}. Let

Ul - {m17'r27x3}7 U2 = {x27x37$4}7 ‘/l - {U17 UQ} g P(%)
Define a single superedge e = {U;,Us} € P(V1), s0o Ey = {e}. Let ¢, : A,y — R withb(e) =
U1 U U2 be
¢6<x17:€27$37$4) = ¢U1($17I27I3>¢U2(I2,$3,x4),

where ¢y, and vy, are the parity-check functions from Example 3.4. Then FY) = (V;, By, {1.})
encodes both parity checks via a single superedge.
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Theorem 3.9 (Underlying n-superhypergraph). If (") = (Vi En, {®e }eer, ) is afactor n-superhypergraph,
then the pair (V,,, E,) is an n-superhypergraph in the structural sense that

Vi, CP"(Vo),  E. CP(Vu)\{0}.
Proof. This isimmediate from Definition 3.7 upon forgetting the factor functions {.}. Il

Theorem 3.10 (Factor hypergraphs embed as factor 1-superhypergraphs). Let H = (V, E, {t¢}ecE)
be a factor hypergraph (Definition 3.3). Define Vi, := V and the singleton injection . : V' — P(V) by
t(v) = {v}. Set

Vi=uV)={{t} v eVICP(V),  EBi={ue):e€E}CP)\{0},

where (e) == {{v} : v € e}. Foreach e € E, define i, : Xe — Rxq by

wZ(e) (xe) = e (xe), xr € Xy.

Then F .= (Vi, By, {4\, }orc, ) is a factor 1-superhypergraph whose global function equals that of
H.

Proof. Each c(e) is nonempty because ¢ # (), hence E; C P(V4) \ {0}. Moreover, for ¢’ = i(e) we
have b(e') = e, so 9., is well-defined on X}y = X.. Finally, forany z € Ay,

H Yo (xb(e’)) = H wZ(e)(Ie) = H¢6(Ie)v

e’eFy eclR eelR
so the factorization (and thus the global function) is preserved. ]

4. Signal Flow Graphs and Their Extensions

Signal flow graphs are widely used to represent linear signal dependencies in engineering systems:
nodes carry signal variables, and directed branches carry gains that quantify how an upstream signal
contributes to a downstream signal (cf. [18, 19]). In this section, we extend this paradigm to signal flow
hypergraphs and further to signal flow n-superhypergraphs, which allow multi-input dependencies
and hierarchical (multi-level) aggregation in a mathematically uniform way.

Definition 4.1 (Signal flow graph). (cf. [18, 19]) A signal flow graph is a triple G = (V, E, ), where
e I/ is afinite set of nodes,
e FF CV x Visaset of directed branches,
e ~: I/ — Rassigns a real-valued gain to each branch.

Attach to each node v € V asignal variable x, € R and an external input 7, € R. The node equations
are

T, = Z Y(u,v) 2y + Mo, vev,
(u,v)EE

i.e., the signal at v is the sum of gain-weighted incoming contributions plus an external input.

Example 4.2 (Feedback amplifier as a signal flow graph). Consider three signal nodes

V= {Uina Vamp, Uout}7
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with directed branches
E = {(Uimvamp)a (’Uampyvout)a (Uouta Uamp)}7

and gains
’Y(Uinavamp) = 17 7(Uamp7 Uout) = G7 ’Y(Uouta Uamp) == _ﬁ-
Then the node equations become
xvamp = ‘TUin - /6 I’Uout + nvam;ﬂ xvout - vaamp + Tl’UoutJ
which recovers the standard linear feedback relation (up to external inputs).

Definition 4.3 (Signal flow hypergraph). A signal flow hypergraph is a quintuple H = (V, £, t, h,7),
where

e V is a finite set of nodes,

& is a finite set of hyperbranches,

t:E&— P(V)\ {0} assigns to each hyperbranch e a nonempty tail set t(e),

h : & — V assigns to each hyperbranch e a single head node h(e),
e v : & — Rassigns a gain to each hyperbranch.

Attach to each v € V asignal variable x,, € R and an external input 7, € R. The node equations are

Ty = 27(6)21’“4—%, vevV.

ec& u€Et(e
h(e)=v (€)

Thus a single hyperbranch can aggregate signals from multiple tail nodes into one head node.
Example 4.4 (Sensor fusion as a signal flow hypergraph). Let
V ={51,5,,S;3,F}
be three sensor nodes and one fusion node. Define a single hyperbranch ¢ € £ by
t(e) = {S1,52,53}, h(e) = F, v(e) = %
Then the fusion equation becomes
Tr = %(xsl + Zs, + 1’53) + 7,
which encodes equal-weight averaging of three inputs via one multi-input hyperbranch.
Theorem 4.5 (Underlying hypergraph). Let H = (V,&,t, h,~) be a signal flow hypergraph. Then
Hua = (V, Eung);  Eung = {te)U{h(e)} | €&},
is an (undirected) hypergraph.

Proof. Foreache € &,thetailt(e)isnonemptyand h(e) € V, hencet(e)U{h(e)} C V isanonempty
subset of V. Therefore Eyng € P(V) \ {0}, so (V, Eyng) is a hypergraph. O
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Theorem 4.6 (Signal flow graphs embed into signal flow hypergraphs). Every signal flow graph G =
(V, Eg,7q) (Definition 4.1) induces a signal flow hypergraph H = (V,E,t, h,~) by setting

&= {eu,v | (U, U) € EG }7 t(eu,v) - {u}7 h<eu,v) =, V(eu,v) = 70(“7 U)'

Under the identification e,,,, <+ (u, v), the node equations of H coincide with those of G.

Z 7(6) Z Ly = Z 7@(U,U) Ly

T

Proof. Foranyv €V,

because each hyperbranch with head v has tail {u}. Hence the node equations match term-by-term.
[

Definition 4.7 (Signal flow n-superhypergraph). Let V; be a finite set of atomic signal nodes. For k > 0,
define iterated powersets by

P(Vo) =Vo,  PH(V) = P(P*(V0)).
A signal flow n-superhypergraph is a quintuple
SFSH™ = (V,,, En, t, h, ),
where
e V, CP"(V) is a set of n-supervertices,

E, CP(V,)\ {0} is a set of n-superedges,

t: E, — P(V,)\ {0} assigns each superedge a nonempty tail set,
e h:FE, — V, assigns each superedge a single head supervertex,

e ~: I, — R assigns a gain to each superedge.

Attach to each v € V), a signal variable x, € R and an external input n, € R. The supervertex

equations are
Ty = Zy(e) qu—l—nv, v e V,.
)

ecky u€t(e
h(e)=v

Example 4.8 (Hierarchical signal processing as a signal flow 2-superhypergraph). Let the atomic nodes
be
‘/0 = {51752753a C}

Define two 1-supervertices (modules)
va = {S1,52,53}, vp = {C}, Vi = A{va,vp} CP(Vp).
At level 2, consider the 2-supervertices
Us={va}, Up={ve},  vys={va,vg},  Va={UaUp, vy} C P* (V).
Define two superedges e, es € P(V3) \ {0} by
tler) ={Ua}, hler) =Up, ~ler) =1,  tlez) ={Ua,Up}, hlez) =vys, 7(e2) =1,

and set Fy = {e1,es}. Then SFSH®) = (V;, E,, t, h, ) encodes a two-level pipeline in which (i) the
control module depends on the fused sensing module, and (ii) the system-level output depends jointly
on both modules.

Figure 2 summarizes the structure of this example.
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V4 (atomic nodes) V1 (modules) V5 (2-supervertices)
Up =
o {va}
{51, S2, S3} Up = e1:vy=1
[ {ve}

ex: y/=1

B /
i Usys =
{’UAv UB}

Fig. 2. Hierarchical signal processing encoded as a signal flow 2-superhypergraph (Example 4.8).

H
Y

Theorem 4.9 (Underlying n-superhypergraph). If
SFSH™ = (V,,, E,,,t,h,7)

is a signal flow n-superhypergraph, then the pair (V,,, E,,) is an n-superhypergraph in the structural
sense of Definition 2.5.

Proof. By Definition 4.7, V,, C P"(Vp) and E,, C P(V,,) \ {(}. Forgetting ¢, h,y therefore yields the
required n-superhypergraph structure on (V,,, E,,). ]

Theorem 4.10 (Signal flow hypergraphs embed as signal flow 1-superhypergraphs). Let H = (V, &, t, h,7)
be a signal flow hypergraph (Definition 4.3). Set Vi, .= V and define the singleton injection . : V —
P(V) by t(v) = {v}. Let

Vi=uV)={{v} [veV}CPW),  Ei={wle)|ec&} CPV)\{0},
where 1.(€) is the superedge corresponding to e. Define
te(e) = {e(u) [uetle)} S Vi,  t'(wle)) ={(u) [uectle)},  h'(w(e)) = (h(e)),

and +'(t.(e)) == ~(e). Then (Vi, Ey,t',h',~") is a signal flow 1-superhypergraph whose node equa-
tions coincide with those of H under the identification x(,) = ..

Proof. Each t(e) is nonempty, hence i.(¢) # @ and so E; C P(V;) \ {0}. Moreover, ¢’ and k' satisfy
the nonempty-tail and single-head conditions by construction, and +' is well-defined. Finally, using

T{v} = Loy
PRI B TEID DRICD PEN
e'eEy u'et’(e’) ecf u€t(e)
R (e)={v} h(e)=v
so the signal equations are preserved. ]

5. Control Flow Graphs and Their Extensions

Control flow graphs (CFGs) are a standard abstraction of program execution: vertices represent
program points (e.g., basic blocks) and directed edges represent possible transfers of control (cf. [20,
21, 35]). To capture multi-way branching/joining as single primitives and to support hierarchical pro-
gram structure (e.g., functions, modules, call graphs), we extend CFGs to control flow hypergraphs
and further to control flow n-superhypergraphs.
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Definition 5.1 (Control flow graph). (cf. [35]) A control flow graph is a quadruple
G = (N, E, entry, exit),
where
e N is a finite set of nodes (e.g., statements or basic blocks),
e I C N x N isaset of directed edges,
e entry € N is the distinguished entry node, and exit € NN is the distinguished exit node,

satisfying the following conditions:
(i) entry has no predecessors: there is nou € N with (u, entry) € E.
(i) exit has no successors: there is nov € N with (exit,v) € E.
(iii) (Reachability) Every node is reachable from entry, and exit is reachable from every node.

Example 5.2 (If-else statement as a control flow graph). Consider the pseudo-code:

entry:
if (x > 0) then
y =1
else
y = -1
end if
exit

A corresponding CFG G = (N, E, entry, exit) is obtained by taking
N = {entry7 Ucond; Uthen, Velse; Umerge, exit},

and

E = {(entry, Ucond)a (Uconda Uthen)a (Uconda Uelse)a (vthena Umerge)a (Uelsea Umerge)a (Umergm eXit)}'

Then entry has no predecessors, exit has no successors, and every node lies on a directed path from
entry to exit.

Definition 5.3 (Control flow hypergraph). A control flow hypergraph is a quadruple
H = (N,Et,h),
where
¢ N is afinite set of nodes,
e £ is afinite set of directed hyperedges,
o t:&— P(N)\ {0} assigns to each e € £ a nonempty tail set t(e) C N,
e h:&— P(N)\ {0} assigns to each e € £ a nonempty head set h(e) C N.

In addition, H is equipped with distinguished nodes entry, exit € N satisfying the reachability condi-
tions analogous to Definition 5.1: every node is reachable from entry via directed hyperpaths and can
reach exit via directed hyperpaths.
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Example 5.4 (Switch—case as a control flow hypergraph). Consider the schematic switch—case con-
struct:

switch (c):
case A: ...; break;
case B: ...; break;
default: ...;
endswitch

Let
N = {SWitCh, VA, UB, Udef, Umerge}-

Define two hyperedges e, e5 € £ by
t(e1) = {switch}, h(e1) = {va,vB, Vget},

t(e2) = {va, VB, Vaet }» h(es) = {Vmerge }-

Then H = (N, {ey, e2},t, h) models a multi-way branch (from switch) followed by a join at vmerge-

Theorem 5.5 (Underlying hypergraph). Let H = (N, &,t, h) be a control flow hypergraph. Then
Hund = (N, Eund)7 Eund = {t(e) U h(e) | e c (‘:},
is an (undirected) hypergraph.

Proof. For each e € &, both t(e) and h(e) are nonempty subsets of N, hence t(e) U h(e) C N is
nonempty. Therefore Ey,q C P(N) \ {0}, so (N, Eyng) is a hypergraph. O

Theorem 5.6 (CFGs embed into control flow hypergraphs). Every control flow graph G = (N, E, entry, exit)
induces a control flow hypergraph H = (N, &, t, h) by setting

E={eys | (u,v) € E}, t(euy) = {u}, h(ey.) = {v}.
With entry and exit unchanged, the reachability conditions are preserved.

Proof. Each edge (u,v) € FE yields a hyperedge e, ,, with nonempty tail and head. Directed paths in
G correspond to directed hyperpaths in H under the bijection (u,v) < e, ,. Hence reachability from
entry and reachability of exit are preserved. ]

Definition 5.7 (Control flow n-superhypergraph). Let V}, be a finite set of atomic program points (e.g.,
basic blocks). For £ > 0, define

POVe) =Vo,  PH(Vp) = P(PH(Vh)).
A control flow n-superhypergraph is a quadruple
CFGSH™ = (V,,, B, t, h),
where
e V, CP"(V) is a set of n-supervertices,

e E, CP(V,)\ {0} is a set of n-superedges,
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e t:E,— P(V,)\ {0} assigns each e € E,, a nonempty tail set t(e) C V,,,
e h:E,— P(V,)\ {0} assigns each ¢ € FE, a nonempty head set h(e) C V..

As in the hypergraph case, one may specify distinguished supervertices entry,,, exit,, € V,, and require
the corresponding reachability conditions at level n.

Example 5.8 (Nested function calls as a control flow 2-superhypergraph). Let
Vo = {e_foo, b_foo, x_foo, e_bar, b_bar, x_bar}

be atomic program points for two functions foo and bar. Define 1-supervertices (function-level ag-
gregates)
Ftoo = {e_foo, b_foo, x_foo}, Foar = {e_bar, b_bar, x_bar},

so that Vi = {Fioo, Frar} C P(Vp). At level 2, set
Uoo = {Froo,  Ubar = {Fhar};  Uprog = {Fhoo; Far},
and let Vo = {Utoo, Upar, Uprog} € P?(Vp). Define two superedges €1, e2 € P(Vz) \ {0} by
tler) ={Uwo},  hler) = {Ubar},

t(62) = {Ufom Ubar}, h(ez) = {Uprog}~

Then e; encodes the call foo — bar, and e; encodes program completion after both functions have
executed.
Figure 3 summarizes the structure of this example.

Vo (atomic program points) Vi (functions) V5 (2-supervertices)
- Froo {Fioo}
_— {e_foo, b_foo, x_foo} el

Ubar = e
{Fbar} /J

i Foar Uprog =
{e_bar, b_bar, x_bar} {Floo, Frar}

X_bar e

Fig. 3. Nested function calls encoded as a control flow 2-superhypergraph (Example 5.8). Dotted arrows
indicate membership Vy — V7; solid arrows indicate lifting and the level-2 superedges e, e5.

Theorem 5.9 (Underlying n-superhypergraph). I[f CFGSH™ = (Vi, En, t, h) is a control flow n-superhypergraph,
then (V,,, E,,) is an n-superhypergraph in the sense of Definition 2.5.

Proof. By Definition 5.7, V,, C P"(V;) and E,, C P(V,,) \ {(}. Forgetting the maps ¢ and h therefore
yields an n-superhypergraph structure on (V,,, E,,). O
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Theorem 5.10 (Control flow hypergraphs embed as control flow 1-superhypergraphs). Let
H = (V75atHahH)

be a control flow hypergraph (Definition 5.3). Set V, == V and let . : V' — P(V') be the singleton
injection 1(v) = {v}. Define

Vi={uw)JveVi={{v}|veV}CPW), Ei=/{ue)|ec&}P(r)\{0},

where 1(e) == {{u} | u € ty(e)} U{{v} | v € hy(e)} is the corresponding level-1 superedge. Define
t,h: By — P(Vi)\ {0} by

t(u(e)) = {Hu}t [uctule)},  hle)) = {{v} v e hule)}.

Then CFGSH() = (Vi, E1,t, h) is a control flow 1-superhypergraph that represents H at the singleton
level.

Proof. Becausety(e)and hy(e)are nonempty foreverye € £, botht(.(e))and h(c(e)) are nonempty
subsets of ;. Moreover V; C P(V;) and E; C P(V4) \ {0}, so CFGSH™ satisfies Definition 5.7 with
n = 1. Reachability properties are preserved because hyperpaths in H correspond to hyperpaths in
CFGSH™ under the singleton injection. L]

6. Dataflow Graphs and Their Extensions

Dataflow graphs are a standard model of stream-based and parallel computation: vertices repre-
sent actors (computational units) and directed edges represent channels that carry tokens, thereby
encoding data dependencies and enabling scheduling and throughput analysis (cf. [22, 23]). To rep-
resent multi-producer/multi-consumer dependencies and hierarchical (multi-level) aggregation in a
single formalism, we extend dataflow graphs to dataflow hypergraphs and further to dataflow n-
superhypergraphs.

Definition 6.1 (Dataflow graph). (cf. [22, 23]) A dataflow graph is a tuple
D = (V, E, src,dst, prd, cns, v,
where
¢ Vis afinite set of actors,

e F'is afinite set of directed channels,

src,dst : £ — V assign to each channel e € E its unique source actor src(e) and sink actor
dst(e),

prd,cns : £ — Ny give the production and consumption rates on each channel,
* 7o : IZ — N specifies the initial token count on each channel.

A firing of an actor u € V consumes cns(e) tokens from each incoming channel e with dst(e) = u
(when available) and produces prd(e) tokens onto each outgoing channel e with src(e) = w.

Example 6.2 (Streaming FIR filter as a dataflow graph). Consider a simple streaming DSP pipeline with
actors
V = {Read, MAC, Write}, E ={ey, e}
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Let
src(e;) = Read, dst(e;) = MAC, prd(e;) =1, cns(e;) =1, ~o(er) =0,

src(ez) = MAC,  dst(ey) = Write, prd(ea) =1, cns(ex) =1, vo(ea) = 0.

Here Read produces one sample token per firing, MAC performs multiply—accumulate on streaming
inputs, and Write outputs the resulting token stream.

Definition 6.3 (Dataflow hypergraph). A directed dataflow hypergraph is a tuple
H = (V,Ey,t,h,prdy, cnsy, ),
where
¢ V is afinite set of actors,
e FEy is afinite set of directed hyperchannels,

e t,h:Ey — P(V)\ {0} assign to each hyperchannel e € E; a nonempty set t(e) of producer
actors and a nonempty set h(e) of consumer actors,

e prdy : Eg x V — Nsq assigns a production rate to each pair (e, u), with prd; (e, u) > 0 only
if u € t(e),

e cnsy : By x V — Nyq assigns a consumption rate to each pair (e, v), with cnsg (e, v) > 0 only
if v € h(e),

e 1l : Fy — N specifies the initial token count on each hyperchannel.

Operationally, a firing associated with a hyperchannel e consumes cnsy (e, v) tokens at each v € h(e)
(when available) and produces prd; (e, u) tokens at each u € t(e).

Example 6.4 (Sensor fusion as a dataflow hypergraph). Let
V= {Sl,SQ,Sg,FUSG}, EH = {6}

Define
t(e) = {51752753}7 h(e) = {FUSG}, 7(1)T{<€> =0,

and set rates
prdg(e,S;) =1(i=1,2,3), cnsy (e, Fuse) = 3.

Thus the hyperchannel e aggregates one token from each sensor and yields one fused token at Fuse,
representing a single multi-input fusion step.

Theorem 6.5 (Underlying hypergraph). Let H = (V, Ey,t, h,...) be a dataflow hypergraph. Then
Hund = (‘/a Eund)a Eund = {t<€) U h<€) | ec EH }7
is an (undirected) hypergraph.

Proof. For each e € Ey, both t(e) and h(e) are nonempty subsets of V, so t(e) U h(e) C V' is
nonempty. Hence Eyng € P(V) \ {0}, and (V, Eyng) is @ hypergraph. N
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Theorem 6.6 (Dataflow graphs embed into dataflow hypergraphs). Every dataflow graph
D = (V, E, src, dst, prd, cns, yo)
induces a dataflow hypergraph
H = (V,Epy,t,h,prdy, cnsg, 74)
as follows. For each channel e € E, introduce a hyperchannel ¢/ € Ey and set
t(e) ={src(e)},  h(e)={dstle)}, ' (¢)=10(e).
Define rates by

cns(e), v = dst(e),
0, otherwise.

prd(e), wu = src(e),
0, otherwise,

prd; (¢, u) = { cnsy (e v) = {

Then the operational semantics and token accounting coincide, so H reduces to D when each hyper-

channel has singleton tail and head.

Proof. By construction, each ¢’ € Ex has nonempty tail and head, and the production/consumption
rates agree with those of e. Thus token changes induced by firings are identical in D and H under the
correspondence e <+ €. [

Definition 6.7 (Dataflow n-superhypergraph). Let Vj be a finite set of atomic actors. For k > 0, define
P(Vo) =Vo,  P(V) = P(P*(V0)).
A dataflow n-superhypergraph is a tuple
D™ = (V,, B, t, h, prd™, ens™ ~§M),
where
e V, CP"(V) is a set of n-supervertices,
e £, CP(V,)\ {0} is a set of n-superedges,

e t,h:E, = P(V,)\ {0} assign to each e € E,, a nonempty tail set ¢(¢) and a nonempty head
set h(e),

e prd™ : E, x V,, = Nxgand cns™ : E, x V,, = Ny satisfy
prd™ (e, u) > 0 = u € t(e), cns™ (e, v) > 0 = v € hle),
. é”) : B, — N specifies initial token counts.
Example 6.8 (Hierarchical image processing as a dataflow 2-superhypergraph). Let
Vo = {Load, Filter, Encode, Store}.

Define 1-supervertices (modules)

M, = {Load, Filter}, M, = {Encode, Store}, Vi ={M;, My} C P(Vp).
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V4 (actors) V1 (modules) V5 (2-supervertices)
(
Sin =
_____________________________ L (M}
){ My el
........................................... {Load, Filter}
""""" [ Sout =
L {Ma2} /)
______________________ /
__________________________________ M
................................. ){ {Encode, Store} San =
(Store ) Gefe i)

Fig. 4. Hierarchical image processing encoded as a dataflow 2-superhypergraph (Example 6.8). Dotted arrows
indicate membership Vi — V7; solid arrows indicate lifting and the level-2 superedges e1, €.

At level 2, set
Sin - {Ml}a S’out = {M2}> Sall = {Mla M2}>

50 Va = {Sin, Souts San} € P*(Vp). Define superedges e, e2 € P(V2) \ {0} by
t(61> - {Sin}a h(€1) - {Sout}7 t<€2) - {Sim Sout}a h(62) - {Sall}'

Then e; encodes a stage-to-stage dependency, while e; encodes system-level completion depending
jointly on both modules.
Figure 4 summarizes the structure of this example.

Theorem 6.9 (Underlying n-superhypergraph). If D™ = (V,,, E,, ¢, h, prd™ cns™ ~{") is a dataflow
n-superhypergraph, then (V,,, E,,) is an n-superhypergraph in the sense of Definition 2.5.

Proof. By Definition 6.7, V,, C P"(V,) and E,, C P(V,,) \ {0}. Forgetting ¢, h and the token-rate data
therefore yields the required n-superhypergraph structure on (V,,, E,,). ]

Theorem 6.10 (Dataflow hypergraphs embed as dataflow 1-superhypergraphs). Let
H = (V, EHatH7hHaprdHacn5Ha7(l)q)

be a dataflow hypergraph (Definition 6.3). Set Vi, := V andlet. : V' — P (V') be the singleton injection
t(v) = {v}. Define

Vi={u}lveVicPW),  Ei={ude)lee En} CPV1)\{0},
where 1(e) is the superedge determined by e via
t(e(e)) = Hu} [uetule)y,  hle)) = {{v}|v e hule)}.
Transport the rate and initial-token data along ¢ in the evident way:
prdV(u(e). {u}) = prdy(e,w), s (ufe). {v}) = ensu(e,v), %7 (ule)) =75’ (e).

Then DV = (Vi, Ey, t, h, prd®, cns® |~V is a dataflow 1-superhypergraph that faithfully repre-
sents H.

Proof. Because ty(e) and hy(e) are nonempty, the transported tail and head sets are nonempty sub-
sets of V4, and the rate functions are well-defined by construction. Token updates in H and DM
coincide under the identification {v} <> v, so the embedding preserves the dataflow semantics. [J
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7. PERT/CPM Graphs and Their Extensions

PERT/CPM networks are classical tools in project scheduling. In their standard form, they are mod-
eled by a directed acyclic graph (DAG) whose vertices are events (milestones) and whose directed
edges are activities equipped with positive durations; forward and backward passes then yield ear-
liest/latest event times, slack values, and the critical path (cf. [25]). To express multi-predecessor
constraints as single primitives and to represent hierarchical project structures, we extend PERT/CPM
graphs to PERT/CPM hypergraphs and further to PERT/CPM n-superhypergraphs.

Definition 7.1 (PERT/CPM graph). (cf. [25]) A PERT/CPM graph is a tuple
G=(V,E,d,s,t),
where
e V is afinite set of events, with distinguished start event s € V and finish eventt € V, s # t;

e [/ CV x Visasetof directed activities such that

(i) (u,v) € E'= u # v (no loops),
(ii) the digraph (V, E) is acyclic,
(i) s has no predecessors and ¢ has no successors: (u, s) ¢ E and (t,v) ¢ E forallu,v € V;

e d: E — R.(assigns a positive duration to each activity.

Example 7.2 (House construction as a PERT/CPM graph). Let
V= {87 VU1, V2, Ug, Uy, t}y

where s denotes project start, v; foundation complete, v, framing complete, v3 roofing complete, v,
finishing complete, and ¢t move—in ready. Define

E = {(s,v1), (v1,v2), (v2,v3), (v3,v4), (Va, 1) },
with durations
d(s,v1) =7, d(vi,v2) =14, d(ve,v3) =5, d(vs,vg) =10, d(vy,t) =2.
This DAG encodes the schedule constraints for the project.

Definition 7.3 (Forward and backward pass). Let G = (V, E, d, s, t) be a PERT/CPM graph. The earliest
occurrence time (EOT) is the map EOT : V' — R defined by

EOT(s) = 0, EOT(v) = (UT}?é(E(EOT(u) +d(u,v)) (v#s),

where the maximum is taken over all immediate predecessors u of v. The latest occurrence time (LOT)
is the map LOT : V' — R defined by

LOT(t) = EOT(#), LOT(v) = (vTui)rgE(LOT(w) —d(v,w)) (v#1),

where the minimum is taken over all immediate successors w of v.

Definition 7.4 (Slack times). For each activity (u,v) € E, define the total slack
St(u,v) = LOT(v) — EOT(u) — d(u,v),

and the free slack

Sr(u,v) = ( mgnE EOT(w) — EOT(u) — d(u,wv).
v,w)E

269



International Scientific Spectrum

Volume 2, Issue 1 (2026) 252-275

Definition 7.5 (Critical activities and critical path). An activity (u,v) € E is critical if Sp(u,v) = 0.
A critical path is a directed s-to-t path consisting entirely of critical activities. The project duration
equals EOT(¢).

Definition 7.6 (PERT/CPM hypergraph). A PERT/CPM hypergraph is a tuple
H=(V.E t hd,s,ty),
where

» Vis afinite set of events with distinguished start event s € V and finish eventt; € V, s # ty;

£ is a finite set of hyperactivities;

t:E&— P(V)\ {0} assigns to each e € £ a nonempty set ¢(e) of predecessor events;

h:&— P(V)\ {0} assigns to each e € £ a nonempty set h(e) of successor events;
e d: & — R, assigns a positive duration to each hyperactivity.

We require that the directed reachability relation induced by (¢, ) on V' is acyclic, that s has no pre-
decessors and ¢y has no successors, and that every v € V' lies on some directed hyperpath from s to

ty.
Example 7.7 (New product launch as a PERT/CPM hypergraph). Let
V= {edesigna €prototype; Ctesting; Emarketing s elaunch}'

Model the constraint that launch requires completion of design, prototype, testing, and marketing by
a single hyperactivity ey,

&= {eL}7 t(eL> = {edesigna Eprototype; Ctesting emarketing}a h(eL) = {elaunch}y d<€L) =1

Taking s = egesign and ty = ejaunch, the induced reachability is acyclic and the boundary conditions
hold, so H is a valid PERT/CPM hypergraph.

Theorem 7.8 (Underlying hypergraph). Let H = (V,&,t, h,d, s, t;) be a PERT/CPM hypergraph. Then
Hund:(‘/aEH)a EH ::{t(e)Uh(e)‘eeg}a
is an undirected hypergraph in the sense of Definition 2.3.

Proof. For each e € &, the sets t(e) and h(e) are nonempty subsets of V, hence t(e) U h(e) C V'is
nonempty. Therefore Ey C P(V') \ {0}, and (V, Ely) is a hypergraph. O

Theorem 7.9 (PERT/CPM graphs embed into PERT/CPM hypergraphs). Every PERT/CPM graph G =
(V,E,d, s,t) (Definition 7.1) induces a PERT/CPM hypergraph H = (V, &, t3, hy, dy, s, ) by setting

E={eys | (u,v) € E}, ty(eus) = {u}, hy(eww) = {v}, dy(euy) = d(u,v).

Proof. Each (u,v) € E yields a hyperactivity e, , with singleton predecessor and successor sets.
Acyclicity and the boundary conditions carry over from (&, and durations agree by definition. Thus
‘H is a PERT/CPM hypergraph whose singleton-tail/singleton-head specialization reproduces G. Il
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Definition 7.10 (PERT/CPM n-superhypergraph). Let Vj be a finite set of events with distinguished
start s € Vp and finisht; € Vp, s # t;. For k > 0, define

P'(Vo) =Vo,  P"(Vo) =P(P*(W)).
A PERT/CPM n-superhypergraph is a tuple
H = Vi, Bty b, d, 50, t),
where

e V, CP"(Vp) is a set of n-supervertices containing distinguished start and finish supervertices

e E, CP(V,)\ {0} is a set of n-superactivities;

e t,h: E, — P(V,) \ {0} assign to each e € E, nonempty predecessor and successor sets
t(e),h(e) C Vy;

e d: FE, — R, assigns positive durations.

These data are required to satisfy:
(i) (Acyclicity) the reachability relation induced by (¢, h) on V,, is acyclic (equivalently, a partial
order);
(ii) (Boundary) s,, has no predecessors and t,, has no successors;
(iii) (Connectivity) every v € V,, lies on some directed hyperpath from s, to t,,.

Figure 5 summarizes the structure of this example.

Example 7.11 (Software milestones as a PERT/CPM 2-superhypergraph). Let
Vo = {p = planning_done, i = implementation_done, ¢ = testing_done}.
Define 1-supervertices (phases)
P={p}, I={} Q={a} Vi={P.LQ}CPW)
At level 2, set
My ={P, I}, My={P1,Q}, Vo= {M,{Q}, Mo} CP*(Vp).
Define superactivities e1, €5 € P(V3) \ {0} by
tler) ={Mi}, hler) = {{Q}}, dle) =5, tlea) = {M,{Q}}, hler) = {Ms}, d(es) = 2.

Then e; encodes that testing depends on planning and implementation, and e; encodes the final mile-
stone depending jointly on all phases.

Theorem 7.12 (Underlying n-superhypergraph). If H™ = (V,,, E,,t, h,d, s,,t,) is a PERT/CPM n-
superhypergraph, then (V,,, E,,) is an n-superhypergraph in the sense of Definition 2.5.

Proof. By Definition 7.10, V,, C P"(V,) and E,, C P(V,,) \ {0}. Forgetting ¢, h, d therefore yields the
required n-superhypergraph structure on (V,,, E,,). O
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Vo (events) Vi (phases) V5 (2-supervertices)
p P
.................................................. N o ]\{4;’]}:
e1:dES
1 1
‘implementation_done """"""""""""""""""""""""""""" ™ {i} Q) =
{Q} ex: dE=2
P N /
testing_done {q} M, —
{P,1,Q}

Fig. 5. Software milestones encoded as a PERT/CPM 2-superhypergraph (Example 7.11). Dotted arrows
indicate membership V;; — V7; solid arrows indicate containment/lifting and the level-2 superactivities e, €5
with durations.

Theorem 7.13 (PERT/CPM hypergraphs embed as PERT/CPM 1-superhypergraphs). Let
H = (%787tH7hH7dH787tf)

be a PERT/CPM hypergraph (Definition 7.6). Let . : Vj — P(V}) be the singleton injection 1(v) = {v}.
Set
Vi = {{v} |v eV} CPW), E, =E&.

For each e € E4, define

tle) = {{u} [uetule)},  hle) ={{v}|vehnule)}  dle):=dule)
Then HY = (Vi, By, t, h,d, {s},{t;}) is a PERT/CPM 1-superhypergraph representing H.

Proof. Because ty(e) and hy(e) are nonempty, the transported predecessor and successor sets are
nonempty subsets of V;, so H(!) satisfies Definition 7.10 with » = 1. Acyclicity and the bound-
ary/connectivity conditions are preserved under the singleton injection, since directed hyperpaths
correspond bijectively. ]

8. Conclusion

This study has presented a unified framework for extending five foundational graph models—
factor graphs, signal flow graphs, control flow graphs, dataflow graphs, and PERT/CPM graphs—to hy-
pergraphs and superhypergraphs. The proposed constructions represent multi-way interactions and
hierarchical dependencies while retaining the classical graph models as special cases. Formal defini-
tions and illustrative examples demonstrate how these extensions can support dependency modeling
across inference, dynamical systems, program analysis, streaming computation, and project schedul-
ing. The results provide a theoretical foundation for further investigation, although their practical
applicability requires computational and empirical validation.

Future research will focus on incorporating uncertainty into the proposed frameworks through
fuzzy sets [36], neutrosophic sets [37, 38], and plithogenic sets [39]. These extensions could enable
more flexible representations of dependencies involving imprecise, indeterminate, or multi-valued
information. Further work should also examine computational methods and practical implementa-
tions to assess the usefulness of the proposed structures in engineering and intelligent computing
applications.
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