
International Scientific Spectrum Volume 2, Issue 1 (2026) 99-113

International Scientific Spectrum
Journal homepage: www.iscis-journal.orgISSN: 3104-3305

Fuzzy MultiLinear Sets, Neutrosophic MultiLinear Sets,abd Plithogenic MultiLinear Sets
Takaaki Fujita1,*, Arif Mehmood2

1 Independent Researcher, Tokyo, Japan. Takaaki.fujita060@gmail.com.2 Department of Mathematics, Institute of Numerical Sciences, Gomal University, Dera Ismail Khan 29050, KPK, Pakistan. mehdaniyal@gmail.com.

ARTICLE INFO ABSTRACT

Article history:Received 30 October 2025Received in revised form25 March 2026Accepted 3 May 2026Available online 9 May 2026

To address uncertainty, vagueness, and imprecision in decision-making, variousextensions of classical set theory have been developed. Examples of such setsinclude fuzzy sets, neutrosophic sets, and plithogenic sets. A Multilinear Setconsists of binary variables constrained by multilinear equations, where eachauxiliary variable represents the product of selected primary binary variables.Extended concepts of the Multilinear Set using frameworks such as Fuzzy Setshave not yet been explored. To fill this gap, this paper investigates and ana-lyzes the structures of Fuzzy Multilinear Sets, Neutrosophic Multilinear Sets, andPlithogenic Multilinear Sets.Keywords:
Plithogenic set, Fuzzy Set, Neutr-sophic set, MultiLinear Set

1. Preliminaries
This section presents the fundamental concepts and definitions essential for the discussions inthis paper. The study builds upon classical set theory and extends its principles into more advancedtheoretical frameworks. For readers seeking a deeper understanding of foundational set theory, rec-ommended references include [1]. Additionally, this paper exclusively considers finite, undirected, andsimple sets (i.e., sets that are not multisets).

1.1 Uncertain Sets

A variety of set–theoretic extensions have been proposed to model imprecision, vagueness, andpartial evidence in decision making. These frameworks enrich classical membership so that elementsmay belong to a set to nonbinary degrees and, in some cases, with explicitly modeled indeterminacy.
∗Corresponding author.
E-mail address: takaaki.fujita060@gmail.com

https://doi.org/10.66972/iscis2120265
© The Author(s) 2026 | Creative Commons Attribution 4.0 International License

99

https://iscis-journal.org/index.php/iscis/index
https://iscis-journal.org/index.php/iscis/article/view/5
https://creativecommons.org/licenses/by/4.0/


International Scientific SpectrumVolume 2, Issue 1 (2026) 99-113
One of the most widely used formalisms is the fuzzy set due to Zadeh [2, 3], in which each elementof a universe is assigned a membership grade in [0, 1], thereby allowing partial inclusion. Atanassov’s

intuitionistic fuzzy sets extend this idea by recording, for every element, both a degree of membershipand a degree of non-membership, subject to natural consistency constraints [4]. Smarandache’s neu-
trosophic sets further separate the available information into three independent components—truth,indeterminacy, and falsity—each taking values in [0, 1] [5–7]. Related concepts include Complex Neu-trosophic Sets[8–10], Bipolar Neutrosophic Sets[11, 12], Interval-Valued Neutrosophic Sets[13, 14], andPythagorean Neutrosophic Sets[15, 16]. Higher-order variants such as hyperneutrosophic sets havealso been studied to capture layered uncertainties [17, 18]. More recently, plithogenic sets have beenintroduced to model attribute-driven membership together with an explicit degree-of-contradictionbetween attribute values, offering a fine-grained account of multi-criteria and internally conflictinginformation [19–22].
Definition 1.1 (Set). [1] A set is a well-specified collection of objects, called elements. If an object x
belongs to a set A, we write x ∈ A. Sets are typically displayed by listing their elements within curly
braces.

Definition 1.2 (Subset). [1] For sets A and B, we say that A is a subset of B, written A ⊆ B, if every
element of A is also an element of B:

∀x
(
x ∈ A ⇒ x ∈ B

)
.

If A ⊆ B and A ̸= B, then A is a proper subset of B, denoted A ⊂ B.

Definition 1.3 (Empty Set). [1] The empty set ∅ is the unique set with no elements: ∀x (x /∈ ∅). More-
over, ∅ is a subset of every set A, i.e., ∅ ⊆ A.

Definition 1.4 (Fuzzy Set and Fuzzy Relation). [2, 23] Let Y be a nonempty universe. A fuzzy set on Y
is a map τ : Y → [0, 1]; the value τ(y) is the membership grade of y ∈ Y . A fuzzy relation on Y is a
function δ : Y × Y → [0, 1]. We call δ a fuzzy relation on τ if, for all y, z ∈ Y ,

δ(y, z) ≤ min{τ(y), τ(z)}.

Example 1.5 (Fuzzy set & fuzzy relation: coffee–blend suitability). Let Y = {Kenya,Brazil, Sumatra}
be three single-origin coffees. Define the fuzzy set “espresso-suitable” by the membership map

τ(Kenya) = 0.80, τ(Brazil) = 0.60, τ(Sumatra) = 0.40.

Interpret τ(y) as how suitable origin y is (on [0, 1]) for espresso on its own.
Define a fuzzy relation δ : Y × Y → [0, 1] for “blend is espresso-suitable” by

δ(y, z) := min{τ(y), τ(z)}.

Then, for instance, δ(Kenya,Brazil) = min{0.80, 0.60} = 0.60and δ(Brazil, Sumatra) = min{0.60, 0.40} =
0.40. By construction δ(y, z) ≤ min{τ(y), τ(z)} for all y, z ∈ Y , so δ is a fuzzy relation on τ .

Definition 1.6 (Neutrosophic Set). [5, 24] Let X be a nonempty set. A neutrosophic set A on X is
specified by three functions

TA, IA, FA : X → [0, 1],

where, for each x ∈ X , TA(x), IA(x), and FA(x) denote the degrees of truth, indeterminacy, and
falsity, respectively, with

0 ≤ TA(x) + IA(x) + FA(x) ≤ 3.
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Example 1.7 (Neutrosophic set: spam assessment for incoming emails). LetX = {e1, e2, e3} be three
emails arriving to an inbox. Consider the neutrosophic setA = “is spam”, encoded by the three functions
TA, IA, FA : X → [0, 1] (truth/indeterminacy/falsity degrees):

(TA(e1), IA(e1), FA(e1)) = (0.85, 0.05, 0.20),

(TA(e2), IA(e2), FA(e2)) = (0.40, 0.40, 0.50),

(TA(e3), IA(e3), FA(e3)) = (0.10, 0.15, 0.90).

Here e1 is very likely spam with little uncertainty, e2 is ambiguous (large indeterminacy), and e3 is very
likely not spam. Each triple lies in [0, 1]3 and satisfies 0 ≤ TA(x) + IA(x) + FA(x) ≤ 3.

Definition 1.8 (Plithogenic Set). [19, 22] Let S be a universe and P ⊆ S a nonempty subset. Aplithogenic set is a tuple
PS = (P, v, Pv, pdf, pCF ),

consisting of:

• an attribute v;

• its value domain Pv;

• a degree-of-appurtenance function pdf : P × Pv → [0, 1]s assigning (possibly vector-valued)
membership degrees to element–value pairs;

• a degree-of-contradiction function pCF : Pv × Pv → [0, 1]t quantifying the contradiction
between attribute values.

The contradiction function satisfies, for all a, b ∈ Pv,

pCF (a, a) = 0 (reflexivity), pCF (a, b) = pCF (b, a) (symmetry).

Example 1.9 (Plithogenic set: jacket selection by season with contradiction between seasons). Let S
be a catalog of jackets and P = {Jwool, Jlinen, Jsoft} ⊆ S the candidate items. Take the attribute v =
“season”with value domainPv = {Winter, Summer,AllSeason}. Define the degree-of-appurtenance
function pdf : P × Pv → [0, 1] (scalar case s = 1) by

Winter Summer AllSeason
Jwool 0.95 0.05 0.60
Jlinen 0.10 0.90 0.55
Jsoft 0.70 0.40 0.80

and the degree-of-contradiction function pCF : Pv×Pv → [0, 1] (scalar case t = 1) by the symmetric
matrix

pCF Winter Summer AllSeason
Winter 0 1.0 0.4
Summer 1.0 0 0.4
AllSeason 0.4 0.4 0

which satisfies reflexivity pCF (a, a) = 0 and symmetry pCF (a, b) = pCF (b, a). Thus

PS = (P, v, Pv, pdf, pCF )

is a plithogenic set: membership depends on (item, season) pairs, while contradictions between sea-
sons (e.g., Winter vs. Summer is 1.0) modulate multi-attribute aggregation.
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1.2 Multilinear Set

We define the Multilinear Set. A Multilinear Set is a collection of binary variables constrained bymultilinear equations, where each auxiliary variable represents the product of selected primary binaryvariables [25–28].
Definition 1.10 (Index Set). (cf.[25]) An index set is a set whose elements are used to label or index the
members of another collection. For example,

N = {1, 2, . . . , n}

is a common index set.

Definition 1.11 (Product). The product of a finite sequence a1, a2, . . . , ak is defined as
k∏

i=1

ai = a1 · a2 · · · ak.

Definition 1.12 (Convex Hull). (cf.[29–31]) The convex hull of a set S in a vector space is the smallest
convex set that contains S, defined by

conv(S) =

{
k∑

i=1

λixi : xi ∈ S, λi ≥ 0,
k∑

i=1

λi = 1, k ∈ N

}
.

Definition 1.13 (Multilinear Set). [25, 32] Let N = {1, 2, . . . , n} be an index set and let I be a family
of subsets ofN such that for every I ∈ I, |I| ≥ 2. The Multilinear Set S is defined as

S =
{
(x, y) ∈ {0, 1}n+|I| : yI =

∏
i∈I

xi, ∀ I ∈ I
}
,

where x = (x1, x2, . . . , xn) ∈ {0, 1}n represents binary decision variables and, for each I ∈ I, yI
is a binary variable equal to the product

∏
i∈I xi. The convex hull of S is known as the MultilinearPolytope.

Example 1.14 (Simple Multilinear Set). Consider the casen = 3with the familyI = {{1, 2}, {1, 3}, {2, 3}}.
Then the Multilinear Set S is given by

S =
{
(x1, x2, x3, y12, y13, y23) ∈ {0, 1}6 :

y12 = x1 · x2,
y13 = x1 · x3,
y23 = x2 · x3,

}
.

For example, if (x1, x2, x3) = (1, 0, 1), then

y12 = 1 · 0 = 0, y13 = 1 · 1 = 1, y23 = 0 · 1 = 0.

Thus, one element of S is (1, 0, 1, 0, 1, 0).

2. Results of This Paper
This section presents the main findings discussed in this paper.
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2.1 Fuzzy Multilinear Set

We examine the Fuzzy Multilinear Set. A fuzzy multilinear set assigns membership degrees tovariable products under multilinear constraints, measuring closeness between observed and idealproducts.
Definition 2.1 (Fuzzy Multilinear Set). Let n ∈ N and let

I ⊆ 2{1,2,...,n}

be a family of subsets satisfying |I| ≥ 2 for every I ∈ I. For each I ∈ I, define the classical multilinear
function

tI(x) =
∏
i∈I

xi, for x = (x1, x2, . . . , xn) ∈ {0, 1}n.

For a candidate vector y = (yI)I∈I ∈ [0, 1]|I|, define for each I ∈ I the satisfaction measure

fI(x, yI) = 1− |yI − tI(x)| .

The overall membership function is then given by

µ(x, y) = min
I∈I

fI(x, yI).

The Fuzzy Multilinear Set is the fuzzy set
S̃F =

{(
(x, y), µ(x, y)

)
: x ∈ {0, 1}n, y ∈ [0, 1]|I|

}
.

Example 2.2 (Fuzzy Multilinear Set Example). Consider n = 3 and let I = {{1, 2}, {1, 3}, {2, 3}}.
Then the classical multilinear functions are:

t{1,2}(x) = x1x2, t{1,3}(x) = x1x3, t{2,3}(x) = x2x3.

Take x = (1, 0, 1) ∈ {0, 1}3 so that

t{1,2}(x) = 0, t{1,3}(x) = 1, t{2,3}(x) = 0.

Choose y = (y12, y13, y23) = (0.1, 0.9, 0.0) ∈ [0, 1]3. Then:

f{1,2}(x, y12) = 1−|0.1−0| = 0.9, f{1,3}(x, y13) = 1−|0.9−1| = 0.9, f{2,3}(x, y23) = 1−|0−0| = 1.

Thus, the overall membership is

µ(x, y) = min{0.9, 0.9, 1} = 0.9.

Hence, the pair
(
(1, 0, 1), (0.1, 0.9, 0.0)

)
belongs to S̃F with membership degree 0.9.

Example 2.3 (Fuzzy Multilinear Set in Project Synergy Assessment). Synergy refers to the enhanced
effect achieved when multiple elements interact, producing a combined outcome greater than their
individual contributions (cf.[33, 34]). Consider a scenario in which a company must decide whether to
invest in three projects, labeled A, B, and C. Let

x = (x1, x2, x3) ∈ {0, 1}3
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denote the binary investment decisions for projects A, B, and C respectively (with xi = 1 indicating an
investment). Synergy [35] effects between projects are captured by auxiliary variables yI for each pair
I in

I = {{1, 2}, {1, 3}, {2, 3}}.
For each I ∈ I, the ideal (classical) synergy is given by

tI(x) =
∏
i∈I

xi.

Suppose the company decides to invest in projects A and C but not in B, so that

x = (1, 0, 1).

Then, the ideal synergy values are:

t{1,2}(x) = 1 · 0 = 0, t{1,3}(x) = 1 · 1 = 1, t{2,3}(x) = 0 · 1 = 0.

Due to uncertainties in measuring synergy effects, the observed synergy degrees are fuzzy. Assume
the observed vector is

y = (y12, y13, y23) = (0.2, 0.8, 0.1),

with each yI ∈ [0, 1] representing the extent to which the expected synergy is realized. Define the
satisfaction measure for each I as

fI(x, yI) = 1−
∣∣yI − tI(x)

∣∣.
Then, we obtain:

f{1,2}(x, y12) = 1− |0.2− 0| = 0.8,

f{1,3}(x, y13) = 1− |0.8− 1| = 0.8,

f{2,3}(x, y23) = 1− |0.1− 0| = 0.9.

The overall membership function is defined as

µ(x, y) = min{0.8, 0.8, 0.9} = 0.8.

Thus, the fuzzy multilinear set

S̃F =
{(

(x, y), µ(x, y)
)
: x ∈ {0, 1}3, y ∈ [0, 1]3

}
assigns the pair ((1, 0, 1), (0.2, 0.8, 0.1)) a membership degree of 0.8, indicating that the project syn-
ergy is achieved to a high (80%) but not perfect degree.

Theorem 2.4 (Support Theorem for Fuzzy Multilinear Set). A point (x, y) ∈ {0, 1}n × [0, 1]|I| satisfies
µ(x, y) = 1 if and only if

yI = tI(x) for all I ∈ I.
That is, the support of S̃F coincides with the classical multilinear set

S =
{
(x, y) ∈ {0, 1}n+|I| : yI =

∏
i∈I

xi, ∀ I ∈ I
}
.

Proof. For any I ∈ I, observe that
fI(x, yI) = 1− |yI − tI(x)|.

Thus, fI(x, yI) = 1 if and only if |yI − tI(x)| = 0, which is equivalent to yI = tI(x). Since µ(x, y) =
minI∈I fI(x, yI), we have µ(x, y) = 1 if and only if fI(x, yI) = 1 for all I ∈ I. Therefore, µ(x, y) = 1if and only if yI = tI(x) for every I ∈ I.
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2.2 Neutrosophic Multilinear Set

We examine the Neutrosophic Multilinear Set. A neutrosophic multilinear set assigns truth, in-determinacy, and falsity degrees to variable products, aggregating deviations from ideal multilinearrelationships globally.
Definition2.5 (Neutrosophic Multilinear Set). Letn ∈ Nand letI bea family of subsets of {1, 2, . . . , n}
with |I| ≥ 2 for each I ∈ I. For x ∈ {0, 1}n and y ∈ [0, 1]|I|, define for each I ∈ I:

TI(x, yI) = 1− |yI − tI(x)|, II(x, yI) = |yI − tI(x)|, FI(x, yI) = 0.

Aggregate these measures by setting

T (x, y) = min
I∈I

TI(x, yI), I(x, y) = max
I∈I

II(x, yI),

and define the falsity component by

F (x, y) = 1− T (x, y)− I(x, y).

The Neutrosophic Multilinear Set is then given by the mapping

ν : {0, 1}n × [0, 1]|I| → [0, 1]3, ν(x, y) =
(
T (x, y), I(x, y), F (x, y)

)
.

Example 2.6 (Neutrosophic Multilinear Set Example). With n = 3 and I = {{1, 2}, {1, 3}, {2, 3}},
let x = (1, 0, 1) so that

t{1,2}(x) = 0, t{1,3}(x) = 1, t{2,3}(x) = 0.

Choose y = (0.1, 0.9, 0.0). Then, for each I:

T{1,2}(x, y12) = 1− |0.1− 0| = 0.9, I{1,2}(x, y12) = 0.1;

T{1,3}(x, y13) = 1− |0.9− 1| = 0.9, I{1,3}(x, y13) = 0.1;

T{2,3}(x, y23) = 1− |0− 0| = 1, I{2,3}(x, y23) = 0.

Thus,
T (x, y) = min{0.9, 0.9, 1} = 0.9, I(x, y) = max{0.1, 0.1, 0} = 0.1,

and
F (x, y) = 1− 0.9− 0.1 = 0.

Therefore, ν((1, 0, 1), (0.1, 0.9, 0.0)) = (0.9, 0.1, 0).

Example 2.7 (Neutrosophic Multilinear Set in Quality Control Assessment). Consider a quality control
[36–38] process in which a product is subjected to three independent tests. Let

x = (x1, x2, x3) ∈ {0, 1}3

denote the outcomes of these tests (with xi = 1 indicating a pass and xi = 0 indicating a failure).
Pairs of tests jointly determine an overall quality indicator via auxiliary variables yI for each I in

I = {{1, 2}, {1, 3}, {2, 3}},
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with the ideal relation

tI(x) =
∏
i∈I

xi.

Assume the product passes tests 1 and 2 but fails test 3, so that

x = (1, 1, 0).

Then, the ideal outcomes are:

t{1,2}(x) = 1 · 1 = 1, t{1,3}(x) = 1 · 0 = 0, t{2,3}(x) = 1 · 0 = 0.

Due to measurement uncertainties, the observed values are given by

y = (y12, y13, y23) = (0.9, 0.2, 0.3).

For each I , define the truth and indeterminacy measures as

TI(x, yI) = 1− |yI − tI(x)|, II(x, yI) = |yI − tI(x)|,

and set FI(x, yI) = 0. Then:

T{1,2}(x, y12) = 1− |0.9− 1| = 0.9, I{1,2}(x, y12) = 0.1;

T{1,3}(x, y13) = 1− |0.2− 0| = 0.8, I{1,3}(x, y13) = 0.2;

T{2,3}(x, y23) = 1− |0.3− 0| = 0.7, I{2,3}(x, y23) = 0.3.

Aggregate these by defining

T (x, y) = min{0.9, 0.8, 0.7} = 0.7, I(x, y) = max{0.1, 0.2, 0.3} = 0.3,

and setting
F (x, y) = 1− T (x, y)− I(x, y) = 1− 0.7− 0.3 = 0.

Thus, the neutrosophic mapping

ν(x, y) =
(
T (x, y), I(x, y), F (x, y)

)
assigns the pair ((1, 1, 0), (0.9, 0.2, 0.3)) the value (0.7, 0.3, 0), indicating that the product meets the
quality standardwith a truth degree of 70% and an indeterminacy of 30% (with no falsity). This reflects
the inherent uncertainty in the measurement process.

Theorem 2.8 (Generalization of Neutrosophic Sets and Fuzzy Multilinear Sets). Let
ν(x, y) =

(
T (x, y), I(x, y), F (x, y)

)
be the neutrosophic membership mapping for the Neutrosophic Multilinear Set, defined via

T (x, y) = min
I∈I

{
1− |yI − tI(x)|

}
, I(x, y) = max

I∈I

{
|yI − tI(x)|

}
,

and
F (x, y) = 1− T (x, y)− I(x, y).

Then:
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1. ν(x, y) = (1, 0, 0) if and only if yI = tI(x) for all I ∈ I, i.e. (x, y) ∈ S.

2. In this manner, the Neutrosophic Multilinear Set reduces to the classical Multilinear Set when
indeterminacy and falsity vanish, thus generalizing both neutrosophic sets and FuzzyMultilinear
Sets.

Proof. Assume that for every I ∈ I, yI = tI(x). Then for each I ,
TI(x, yI) = 1− |yI − tI(x)| = 1 and II(x, yI) = |yI − tI(x)| = 0.

Hence, T (x, y) = 1 and I(x, y) = 0, which implies F (x, y) = 1 − 1 − 0 = 0; that is, ν(x, y) =
(1, 0, 0). Conversely, if ν(x, y) = (1, 0, 0), then T (x, y) = 1 and I(x, y) = 0; hence, for every I ∈ I,
TI(x, yI) = 1 and so |yI − tI(x)| = 0. Therefore, yI = tI(x) for all I ∈ I, meaning (x, y) ∈ S. Thisproves the theorem.
Theorem 2.9 (Support Theorem for Neutrosophic Multilinear Set). A point (x, y) ∈ {0, 1}n × [0, 1]|I|

satisfies
ν(x, y) = (1, 0, 0)

if and only if
yI = tI(x) for all I ∈ I.

That is, the set of points with full truth-membership, zero indeterminacy, and zero falsity corresponds
exactly to the classical multilinear set.

Proof. Suppose that for all I ∈ I, yI = tI(x). Then for each I ,
TI(x, yI) = 1− |yI − tI(x)| = 1, II(x, yI) = |yI − tI(x)| = 0.

Thus, T (x, y) = minI∈I 1 = 1 and I(x, y) = maxI∈I 0 = 0. It follows that
F (x, y) = 1− 1− 0 = 0.

Conversely, if ν(x, y) = (1, 0, 0), then T (x, y) = 1 and I(x, y) = 0. In particular, for every I ∈ I,
TI(x, yI) = 1− |yI − tI(x)| = 1,

which implies |yI − tI(x)| = 0 and hence yI = tI(x) for all I .
2.3 Plithogenic Multilinear Set

We examine the Plithogenic Multilinear Set. A plithogenic multilinear set couples multilinear con-straints with attribute-based membership and contradiction functions, representing context-dependentadherence of variable product configurations.
Definition 2.10 (Plithogenic Multilinear Set). Let

S =
{
(x, y) ∈ {0, 1}n+|I| : yI =

∏
i∈I

xi, ∀ I ∈ I
}

be the classical multilinear set. Let v be an attribute associated with each element (x, y) taking values
in the set Pv. Define a Degree of Appurtenance Function

˜pdf : S × Pv → [0, 1]s,
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which, for each (x, y) ∈ S and for a given attribute value a ∈ Pv, quantifies the degree to which
(x, y) adheres to the multilinear constraints under a. In addition, define the Degree of ContradictionFunction

pCF : Pv × Pv → [0, 1]t,

which measures the level of contradiction between pairs of attribute values, and satisfies:

pCF (a, a) = 0 and pCF (a, b) = pCF (b, a), ∀ a, b ∈ Pv.

The Plithogenic Multilinear Set is then defined as the tuple
PS =

(
S, v, Pv, ˜pdf, pCF

)
.

Example 2.11 (Plithogenic Multilinear Set Example). Consider n = 3 with I = {{1, 2}, {1, 3}, {2, 3}}
so that

S =
{
(x, y) ∈ {0, 1}6 : y12 = x1x2, y13 = x1x3, y23 = x2x3

}
.

Let the attribute v denote “measurement reliability” with

Pv = {High, Medium, Low}.

For each (x, y) ∈ S, the function ˜pdf(x, y) returns a vector in [0, 1]s representing the degree to which
the point adheres to the ideal multilinear relations under the given reliability level. For example, as-
sume that when the attribute value is High, a point that perfectly satisfies the multilinear equations
receives ˜pdf(x, y) = (1, 1, . . . , 1). For a specific point, take

(x, y) = (1, 0, 1, 0, 1, 0) ∈ S,

and suppose the assigned attribute is High so that

˜pdf((1, 0, 1, 0, 1, 0),High) = (1, 1, . . . , 1).

Moreover, the contradiction function pCF might be defined as, for instance,

pCF (High,Medium) = 0.3, pCF (High, Low) = 0.8, pCF (Medium, Low) = 0.5,

with the property pCF (a, a) = 0 for all a ∈ Pv.
Thus, the Plithogenic Multilinear Set is

PS =
(
S, v, Pv, ˜pdf, pCF

)
,

which integrates the classical multilinear structure with additional information on uncertainty and
attribute contradictions.

Theorem 2.12 (Generalization of Plithogenic Sets and Neutrosophic Multilinear Sets). Let
PS =

(
S, v, Pv, ˜pdf, pCF

)
be a Plithogenic Multilinear Set, where S is the classical Multilinear Set defined by

S =
{
(x, y) ∈ {0, 1}n+|I| : yI =

∏
i∈I

xi, ∀ I ∈ I
}
,

v is an attribute with range Pv, ˜pdf : S × Pv → [0, 1]s is the Degree of Appurtenance Function,
and pCF : Pv × Pv → [0, 1]t is the Degree of Contradiction Function satisfying pCF (a, a) = 0 and
symmetry. Then, for any fixed attribute value a ∈ Pv satisfying pCF (a, a) = 0:

108



International Scientific SpectrumVolume 2, Issue 1 (2026) 99-113
1. If ˜pdf(x, y, a) = (1, 1, . . . , 1) for (x, y) ∈ S, then yI =

∏
i∈I xi for all I ∈ I; that is, (x, y)

satisfies the multilinear constraints exactly.

2. Conversely, if (x, y) ∈ S, then it is possible to assign an attribute value a ∈ Pv for which
˜pdf(x, y, a) = (1, 1, . . . , 1).

Thus, the Plithogenic Multilinear Set generalizes both the Plithogenic Set and the Neutrosophic Multi-
linear Set.
Proof. Assume that for a fixed a ∈ Pv (with pCF (a, a) = 0), we have

˜pdf(x, y, a) = (1, 1, . . . , 1)

for a given (x, y) ∈ S. By the definition of ˜pdf , this maximal membership vector is achieved if andonly if, for every I ∈ I,
˜pdf I(x, y, a) = 1 ⇐⇒ |yI − tI(x)| = 0.

Thus, for every I ∈ I,
yI = tI(x) =

∏
i∈I

xi.

Conversely, if (x, y) ∈ S then by definition yI =
∏

i∈I xi for all I , so one can define the Degree of
Appurtenance Function such that ˜pdf(x, y, a) = (1, 1, . . . , 1) for a suitably chosen attribute value a(with pCF (a, a) = 0). This demonstrates that the plithogenic framework encompasses the classicalstructure when the membership is maximal and no contradiction is present.
Theorem 2.13 (Support Theorem for Plithogenic Multilinear Set). Let PS =

(
S, v, Pv, ˜pdf, pCF

)
be a Plithogenic Multilinear Set. If for some a ∈ Pv with pCF (a, a) = 0, an element (x, y) ∈ S
satisfies

˜pdf(x, y, a) = (1, 1, . . . , 1),

then
yI =

∏
i∈I

xi for all I ∈ I,

i.e., (x, y) belongs to the classical multilinear set.
Proof. Assume that for a fixed attribute value a ∈ Pv (with pCF (a, a) = 0), we have

˜pdf(x, y, a) = (1, 1, . . . , 1)

for a given (x, y) ∈ S. By the definition of the degree of appurtenance function ˜pdf , this maximalmembership vector is achieved if and only if the deviation from the ideal multilinear relationship iszero. That is, for every I ∈ I,
˜pdf I(x, y, a) = 1 ⇐⇒ |yI − tI(x)| = 0.

Hence, for each I ∈ I,
|yI −

∏
i∈I

xi| = 0 =⇒ yI =
∏
i∈I

xi.

Since this holds for every I ∈ I, the point (x, y) satisfies all the multilinear constraints exactly. More-over, because the contradiction function pCF satisfies pCF (a, a) = 0, there is no contradictionpenalty when the attribute value is a. Therefore, the condition ˜pdf(x, y, a) = (1, 1, . . . , 1) impliesthat (x, y) belongs to the classical multilinear set
S =

{
(x, y) ∈ {0, 1}n+|I| : yI =

∏
i∈I

xi, ∀ I ∈ I
}
.

This completes the proof.
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2.4 Multilinear Graph

In analogy with multilinear sets, we extend the concept to graph theory by incorporating binaryvariables for both vertices and edges, along with multilinear constraints that capture the incidencerelationships.
Definition 2.14 (Graph). [39] A graph G is a mathematical structure consisting of a set of vertices
V (G) and a set of edgesE(G) that connect pairs of vertices, representing relationships or connections
between them. Formally, a graph is defined as G = (V,E), where V is the vertex set and E is the
edge set.

Definition 2.15 (Multilinear Graph). LetG = (V,E) be a finite, simple, undirected graph, where

V = {v1, v2, . . . , vn}

is the vertex set and
E ⊆

{
{u, v} | u, v ∈ V, u ̸= v

}
is the edge set. Associate with each vertex v ∈ V a binary variable xv ∈ {0, 1} and with each edge
e = {u, v} ∈ E a binary variable ye ∈ {0, 1}. The Multilinear Graph ofG is defined as the set

MG(G) =
{
(x, y) ∈ {0, 1}|V |+|E| : ∀ e = {u, v} ∈ E, ye = xu · xv

}
.

Example 2.16 (Multilinear Graph). Consider the graph
G = (V,E), with V = {A,B,C} and E = {{A,B}, {B,C}}.

Associate binary variables xA, xB, xC with vertices A,B,C and variables yAB and yBC with edges
{A,B} and {B,C}, respectively. Then the multilinear graph is defined as

MG(G) =
{
(xA, xB, xC , yAB, yBC) ∈ {0, 1}5 : yAB = xA · xB, yBC = xB · xC

}
.

For instance, if
(xA, xB, xC) = (1, 0, 1),

then
yAB = 1 · 0 = 0 and yBC = 0 · 1 = 0.

Thus, one element ofMG(G) is (1, 0, 1, 0, 0).

Theorem 2.17 (Projection Theorem). For the multilinear graphMG(G), the projection onto the vertex
variables is the entire binary space:

πV

(
MG(G)

)
= {0, 1}|V |.

Proof. Let x ∈ {0, 1}|V | be arbitrary. For each edge e = {u, v} ∈ E, define ye = xu ·xv. Since xu, xv ∈
{0, 1}, it follows that ye ∈ {0, 1}. Therefore, the vector (x, y) ∈ MG(G) and the projection of (x, y)onto the vertex variables is exactly x. Hence, every binary vector x appears in the projection.
Theorem2.18 (Uniqueness of Edge Variables). For a given vertex assignmentx ∈ {0, 1}|V |, there exists
a unique corresponding vector y ∈ {0, 1}|E| such that (x, y) ∈ MG(G).

Proof. Letx ∈ {0, 1}|V | be given. For each edge e = {u, v} ∈ E, define ye = xu·xv. Since the productof two binary values is uniquely determined in {0, 1}, there is exactly one choice for ye correspondingto the given x. Hence, the mapping
x 7→ (x, y), with ye = xu · xv for all e ∈ E,

is well-defined and unique. This proves the theorem.
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3. Conclusion
This paper has examined and analyzed the structural characteristics of Fuzzy Multilinear Sets, Neu-trosophic Multilinear Sets, and Plithogenic Multilinear Sets.In future research, it is expected that further investigations will explore the extensions of FuzzyMultilinear Sets, Neutrosophic Multilinear Sets, and Plithogenic Multilinear Sets by employing mathe-matical frameworks such as HyperGraphs[40, 41], HyperAlgebras[42], SuperHyperGraphs[43–47], andHyperStructures[48–50].
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